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1 Model Setup

The economy lasts for two periods, t = 0 and 1. On day 0, a financial market operates and

investors trade financial assets. On day 1, asset payoffs are realized. Two assets are traded in

the financial market. Without loss of generality, asset i ∈ {1,2} has a positive constant supply,

which is normalized to be one unit, and pays a liquidating dividend of f̃i.

For tractability, all investors are assumed to be risk-neutral. There are four types of investors j∈
{OO,OP,PO,PP}, with different beliefs about assets’ final payoffs. “O” indicates optimism and

“P” indicates pessimism. More specifically, type-OO investors are optimistic about both assets;

type-PP investors are pessimistic about both assets; type-OP investors are optimistic about asset 1,

but pessimistic about asset 2; finally, type-PO investors are pessimistic about asset 1, but optimistic

about asset 2. We assume that the population of investors that are optimistic (or pessimistic)

about both assets (type-OO or type-PP) is 1− λ , and the population of investors with opposing

views (type-OP or type-PO) is λ (0≤ λ ≤ 1). In other words, the population of investors that are

optimistic (pessimistic) about either asset is exactly 1. Meanwhile, λ captures the degree of “belief

crossing” among investors.

We further assume that investors that are optimistic about asset i believe that asset i’s final

payoff is 1+σ ; conversely, investors that are pessimistic about asset i believe that asset i’s final

payoff is 1−σ . We use E(·) to denote investors’ beliefs in the following analysis. Here, σ captures

the degree of disagreement among investors. Given limited liability of stocks (i.e., stock payoffs

can not be negative), we further assume that 0 < σ ≤ 1.

Investors trade both assets to maximize expected utilities based on their beliefs. Trading is

costly in the economy. We follow the literature (e.g., Gârleanu and Pedersen, 2013; Dávila and

Parlatore, 2018; Huang, Qiu and Yang, 2018) to introduce a quadratic cost function for type- j

investors’ demand for asset i:
1

2
×X2

j,i.

This quadratic form of transaction costs is common in the theoretical literature and is a reduced-

form approach to modeling transaction frictions. In economic terms, the transaction cost in our
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setting can be interpreted as commission fees, inventory costs, or operation costs. Consequently,

type- j investors’ utility optimization problem can be summarized as:

max
Xj,1,Xj,2

2

∑
i=1

[
Xj,iE j( f̃i)−Xj,i p̃i− 1

2
×X2

j,i

]
.

Without Short-Sale Constraints, it is clear that type- j’s demand for asset i (from the first-

order condition) is:

Xj,i = E j( f̃i)− p̃i.

With Short Sales Constraints, we assume that investors, who want to sell short, can only do so

up to a non-negative fraction, β (< 1), of their initial demand. Intuitively, β captures the shorting

cost or shorting difficulty. With a larger β , investors face a less binding short-sale constraint.

Because the second-order condition from the above optimization is always negative, when E j( f̃i)−
p̃i is negative, type- j’s demand for asset i is: Xj,i = β [E j( f̃i)− p̃i].

Equilibrium: On day 0, the financial market opens and investors submit their demand sched-

ules subject to short-sale constraints. Equilibrium prices are determined by the market clearing

condition.

Discussion: In Reed, Saffi and Van Wesep (2016), there are only two types of investors with

opposing beliefs about the two assets. In other words, the setting considered by Reed, Saffi and

Van Wesep (2016) is a special case of our model with λ = 1. Consequently, we use our model

to highlight the role of both investor disagreement (σ ) and belief crossing (λ ) in driving portfolio

discounts.

2 Benchmark Case: No Short-Sale Constraints

This section solves the benchmark model without short-sale constraints, i.e., when β = 1.
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Individual Assets: Demand by optimistic investors for asset i is 1 + σ − p̃i, and that by

pessimistic investors is 1−σ − p̃i. This yields the following set of equilibrium prices:

LEMMA 1. p̃1 = p̃2 =
1
2 .

Proof. See the model solution section.

An Equal-Weight Portfolio: Now consider a portfolio C that has equal weights in both assets.

The sum of its components is f̃C = 0.5 f̃1 +0.5 f̃2. Denote the price of this portfolio p̃C (assume it

is separately traded). Demand for this portfolio can be characterized as:

XOO,C = 1+σ − p̃C,

XOP,C = 1− p̃C,

XPO,C = 1− p̃C,

XPP,C = 1−σ − p̃C.

Market clearing then implies:

LEMMA 2. p̃C = 1
2 .

Proof. See the model solution section.

It is clear from Lemma 1 and Lemma 2 that absent short-sale constraints, the portfolio value is

equal to the sum of its parts.

3 General Case: with Short-Sale Constraints

This section solves the model with short-sale constraints, i.e., when 0≤ β < 1.

Individual Assets: In the presence of short-sale constraints, pessimistic investors, who want

to sell short, are unable to sell to the full extent. Consequently, asset prices do not fully reflect
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pessimists’ views and are biased upward. Moreover, holding the average investor belief constant,

when investors disagree more strongly, equilibrium asset prices are more upward biased:

LEMMA 3. When σ ≤ 1
2 , the prices of both assets are p̃1 = p̃2 =

1
2 ; When σ > 1

2 , the prices of both

assets are p̃1 = p̃2 =
β+σ(1−β )

1+β > 1
2 .

Proof. See the model solution section.

An Equal-Weight Portfolio: We again consider a portfolio that invests 50-50 in both assets.

Market clearing implies:

LEMMA 4. When σ ≤ 1
2 , the price of the portfolio is: p̃C = 1

2 ; When σ > 1
2 , the price of the

portfolio is: p̃C = λ+(1−λ )β+σ(1−λ )(1−β )
1+λ+(1−λ )β .

Proof. See the model solution section.

We define the portfolio discount as the difference between the portfolio value and the sum of

its components’ value: discount = 1− p̃C/(0.5p̃1 +0.5∗ p̃2).

PROPOSITION 1. When σ ≤ 1
2 , the portfolio value is equal to the sum of its components. That is:

p̃C = 0.5 p̃1 +0.5 p̃2. When σ > 1
2 , the portfolio value is less than the sum of its components. That

is: p̃C < 0.5p̃1 +0.5p̃2.

Proof. See the model solution section.

Proposition 1 shows that the presence of short-sale constraints is a necessary condition to

generate a portfolio discount. Lemma 4 further shows that, with short-sale constraints, both

disagreement σ and the degree of “belief crossing” λ affect the portfolio value and consequently

the discount. Formally, the joint effect of disagreement and “belief crossing” on portfolio discounts

satisfies the following condition:

PROPOSITION 2. When σ ≤ 1
2 , ∂ 2discount

∂σ∂λ = 0; When σ > 1
2 , ∂ 2discount

∂σ∂λ > 0;

Proof. See the model solution section.
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4 Model Solution

This section provides all proofs omitted above with auxiliary results.

PROOF OF LEMMA 1. When there are no short-sale constraints, all investors trade the asset i (i= 1

and 2). Inserting investors’ demands into the market clearing condition, we get

1+σ − p̃i +1−σ − p̃i = 1, (4.1)

and then directly solve the price of asset i as p̃i =
1
2 .

PROOF OF LEMMA 2 . When there are no short-sale constraints, all investors trade the portfolio.

Inserting investors’ demands into the market clearing condition, we get

(1−λ )XOO,C +λXOP,C +(1−λ )XPO,C +λXPP,C = 2−2p̃C = 1. (4.2)

We directly solve the price of the portfolio as p̃C = 1
2 .

PROOF OF LEMMA 3 . With short-sale constraints, the equilibrium prices depend on whether the

pessimistic investors long or short the assets. With the symmetry, we can focus on one asset, i.e.,

asset 1. There are two scenarios: the pessimistic investors (type−PO and type−PP) long the

asset 1, and the pessimistic investors short the asset 1. We solve the price of asset 1 for these two

scenarios as follows.

1. If pessimistic investors long the asset 1, inserting investors’ demands into the market clearing

condition, we get

1+σ − p̃i +1−σ − p̃i = 1, (4.3)

and then solve the price of asset 1 as p̃i =
1
2 . After that, we need to ensure that the pessimistic

investors indeed long the asset 1 in the equilibrium. When p̃i =
1
2 , the demand of pessimistic
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investors is 1
2 −σ . It is clear that when σ ≤ 1

2 , pessimistic investors long the asset 1.

2. If the pessimistic investors short the asset 1, inserting investors’ demands into the market

clearing condition, we get

1+σ − p̃i +β (1−σ − p̃i) = 1, (4.4)

in which only a proportion of shorted shares (β ) can be fulfilled. From the market clearing

condition, we solve the price of asset 1 as

p̃i =
β +σ(1−β )

1+β
. (4.5)

After that, we need to ensure that the pessimistic investors indeed short the asset 1 in the equi-

librium. When p̃i =
β+σ(1−β )

1+β , the demand of pessimistic investors is 1−σ − β+σ(1−β )
1+β , which

equals 1−2σ
1+β . It is clear that when σ > 1

2 , pessimistic investors short the asset 1.

PROOF OF LEMMA 4 . Different from the Lemma 3, there are two groups of pessimistic investors:

one group consists of type−OP and type−PO, and the other group only consists of type−PP. It

is clear that the first group has larger demand for the portfolio than the second group. There are

three potential scenarios, which depend on the shorting status of different groups of pessimistic

investors. We solve the price of the portfolio in different scenarios as follows.

1. If both groups of pessimistic investors long the portfolio, inserting investors’ demands into

the market clearing condition, we get

(1−λ )XOO,C +λXOP,C +(1−λ )XPO,C +λXPP,C = 2−2p̃C = 1. (4.6)

Then we solve the price of the portfolio as p̃C = 1
2 . After that, we need to ensure that all pessimistic

investors indeed long the portfolio in the equilibrium. To find the condition for all investors to

long the portfolio, we can only focus on the demand of the most pessimistic investors (type−PP).

The demand of type−PP is 2− 2σ − 2p̃C, which equals 1− 2σ . It is clear that when σ ≤ 1
2 , all
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pessimistic investors long the portfolio.

2. If the first group of pessimistic long the portfolio and the second group short the portfolio,

inserting investors’ demands into the market clearing condition, we get

(1−λ )XOO,C +λXOP,C +(1−λ )βXPP,C +λXPO,C (4.7)

= (1−λ )(1+σ − p̃C)+2λ (1− p̃C)+(1−λ )β (1−σ − p̃C) (4.8)

= 1. (4.9)

(Note: only a proportion of shorted shares (β ) from the second group can be fulfilled). We solve

the price of the portfolio as

p̃C =
λ +(1−λ )β +σ(1−λ )(1−β )

1+λ +(1−λ )β
. (4.10)

After that, we need to ensure that the most pessimistic investors indeed short the portfolio and the

least pessimistic investors indeed long the portfolio. The demand of the most pessimistic investors

(type−PP) is negative, which yields

XPP,C < 0 (4.11)

⇔ σ >
1

2
. (4.12)

The demand of the least pessimistic investors (type−PO or type−OP) is non-negative, which

yields

XPO,C ≥ 0 (4.13)

⇔ σ ≤ 1

(1−λ )(1−β )
. (4.14)

Because 1
(1−λ )(1−β ) > 1, so σ is always smaller than 1

(1−λ )(1−β ) under the assumption that σ ≤ 1.

3. If both groups of pessimistic investors short the portfolio, inserting investors’ demands into
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the market clearing condition, we get

(1−λ )XOO,C +λβXOP,C +(1−λ )βXPP,C +λβXPO,C (4.15)

= (1−λ )(1+σ − p̃C)+2λβ (1− p̃C)+(1−λ )β (1−σ − p̃C) (4.16)

= 1. (4.17)

We solve the portfolio price as:

p̃C =
σ −λ (1+σ)+2λβ +(1−λ )β (1−σ)

(1−λ )+β +λβ
. (4.18)

After that, we need to ensure that both groups of pessimistic investors indeed short the portfolio

in the equilibrium. Given that the less pessimistic investors have higher demand than the most

pessimistic ones, we can focus on the demand of least pessimistic investors. The demand of the

least pessimistic investors (i.e., type−OP) is negative, which yields

σ −λ (1+σ)+2λβ +(1−λ )β (1−σ)

(1−λ )+β +λβ
> 1 (4.19)

⇔ σ >
1

(1−λ )(1−β )
. (4.20)

Under the assumption that σ ≤ 1, the above inequality is impossible. Thus, only Scenario 1 and 2

are relevant.

PROOF OF PROPOSITION 1. We prove this proposition for different levels of σ : σ ≤ 1
2 and σ > 1

2 .

(1) When σ ≤ 1
2 , the portfolio price is 1/2, which equals the equal-weighted underlying asset

prices.

(2) When σ > 1
2 , the difference between the portfolio price and the equal-weighted underlying

asset prices is

λ +(1−λ )β +σ(1−λ )(1−β )
1+λ +(1−λ )β

− β +σ(1−β )
1+β

, (4.21)
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which equals

− λ (1−β )
1+β

(2σ −1)

1+λ +(1−λ )β
. (4.22)

Because σ > 1
2 and β < 1, the above equation is always negative. This suggests that the portfolio

price is smaller than the equal-weighed underlying asset prices.

PROOF OF PROPOSITION 2. We prove this proposition for different levels of σ : σ ≤ 1
2 and σ > 1

2 .

(1) When σ ≤ 1
2 , the portfolio price is 1/2. It is easy to get that ∂ 2discount

∂σ∂λ = 0.

(2) When σ > 1
2 , the direct calculation of ∂ 2discount

∂σ∂λ shows:

∂ 2discount
∂σ∂λ

=
(1−β )(β +1)2

(−βλ +β +λ +1)2(−βσ +β +σ)2
> 0, (4.23)

where β < 1. This completes the proof.
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