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Abstract

To complement empirical growth studies applying unit root and cointegration
methods, this paper shows that integration and cointegration properties arise intrinsi-
cally in stochastic endogenous growth models under fairly general conditions. It shows
that a unit root has to be present in the autoregressive polynomial of the variables
generated by an endogenous growth model, so as to produce steady-state growth in the
absence of exogenous growth-generating element. This endogenous-growth-generating
mechanism induces di!erence stationarity of the variables even though the external
impulses are stationary, and it leads to the phenomenon of cointegration if the variables
satisfy a state space representation. The &unit root propagation mechanism' is the time
series analogue of the &constant returns' (to reproducible inputs) condition in the theoret-
ical endogenous growth literature. The time series properties of endogenous growth
models, when combined with their counterparts for exogenous growth models, lead to
testable implications for distinguishing between these two classes of models. ( 1999
Elsevier science S.A. All rights reserved.

JEL classixcation: O40; C32

Keywords: Source and implications of endogenous growth; Unit roots; Cointegration

1. Introduction

Starting with the in#uential work of Beveridge and Nelson (1981) and
Nelson and Plosser (1982), numerous studies have examined the presence and
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1 In a paper surveying recent development of macroeconomics, McCallum (1994) mentions that
the issue of exact parameter value of one arises both in the endogenous growth models and in the
presence of unit roots in macroeconomic time series. The results of this paper help explain why and
how the two phenomena (returns to scale in endogenous growth models and the value of the smallest
autoregressive root in observed time series both equal to one) are related.

importance of unit roots in observed time series. Furthermore, the seminal
papers on cointegration by Granger (1981) and Engle and Granger (1987)
provide a framework for the analysis of error correction models, and therefore
integrate time series analysis and the structural approach of econometric
methods. While there is little doubt that the concepts of unit roots and cointeg-
ration are useful in describing observed time series, it is interesting to see
whether they have behavioral counterparts.

This paper shows that the concepts of unit roots and cointegration discussed
in recent econometric literature are consistent with an important class of
economic models } the endogenous growth models. In recent years, the invest-
igation of the source of economic growth has become active again and a number
of important papers have been written on this subject, including Romer (1986,
1990), Lucas (1988), Barro (1990) and Rebelo (1991). Instead of relying on
exogenous technological progress to explain growth as in the neoclassical model
(Solow, 1956; Swan, 1956; Cass, 1965; Koopmans, 1965), they focus on the
agents' deliberate actions (such as physical or human capital accumulation) in
response to economic incentives. This paper tries to link the studies on unit
roots and cointegration with those on economic growth by providing theoret-
ical results that unit root non-stationarity and cointegrating relationships are
intrinsic properties of stochastic endogenous growth models.1 These results
suggest appropriate econometric methods for examining endogenous growth
models, and, more importantly, lead to testable implications to distinguish
between endogenous and exogenous growth models.

The analysis of this paper is motivated by the common time series pattern
observed in a number of stochastic endogenous growth models. King et al.
(1988b) examine a stochastic version of the Uzawa}Lucas model (Uzawa, 1965;
Lucas, 1988) with physical and human capital, Leung and Quah (1996) and Lau
(1997) study the stochastic &AK'model (Rebelo, 1991), and Kocherlakota and Yi
(1997) and Lau and Sin (1997) examine the hypotheses associated with the
endogenous growth model with public spending (Barro, 1990; Glomm and
Ravikumar, 1994). In these stochastic endogenous growth models, the unobser-
ved exogenous impulse processes are assumed to be stationary, yet the variables
of interest such as per capita output and per capita consumption are di!erence
stationary and cointegrated. This paper generalizes from these speci"c models
and derives systematically the time series properties of endogenous growth
models by isolating their common characteristics. It aims to derive the condi-
tions leading to the integration and cointegration properties observed in this
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class of models, and to explain the results in terms of the impulse-propagation
framework commonly used in macroeconomics.

In an endogenous growth model, perpetual growth is explained &endogen-
ously' in terms of the actions of economic agents; therefore, exogenous growth-
generating element is absent in the economic environment described by the
model. The derivation of time series properties of endogenous growth models is
based on this important characteristic as well as the assumption that the
variables evolve in a (log) linear system, which is commonly used in empirical
analysis. Speci"cally, by adopting a linear dynamic simultaneous-equation
framework, it is shown that there is exactly one unit root in the (common)
autoregressive polynomial of the autoregressive integrated moving-average
(ARIMA) representation of the observed time series so as to generate steady-
state growth. The intuition is that in the absence of any external growth-
generating impulse process, some conditions on the propagation mechanism
must be satis"ed in order to produce endogenous growth. It turns out that the
growth-generating condition also induces di!erence stationarity in the variables
even when the exogenous impulses are stationary.

Although the &unit root propagation mechanism' has implications on the
cointegrating rank, the possibility of unit root cancellation implies that without
further restrictions, cointegrating relationships may or may not be present in
a particular endogenous growth model. Sharper results of the cointegration
properties for this class of models are obtained in two directions. First, it is
shown that the variables of an endogenous growth model are cointegrated if
they satisfy a state space representation, as in most existing growth models.
Second, it is observed that in many endogenous growth models with no
dichotomous sub-systems, there are exactly n!1 cointegrating vectors among
a system of n variables. Relating to the &constant returns' (to accumulable inputs)
condition in the endogenous growth literature (Rebelo, 1991) as well as the
connection of one unit root in the autoregressive polynomial and one common
stochastic trend among the variables in the absence of unit root cancellation, an
economic interpretation is given for this &typical' case. Finally, a condition is
given for the phenomenon of stationary &great ratios' (when the variables are in
log) such as the consumption}output ratio and the investment}output ratio,
which may be regarded as the stochastic extension of the concept of balanced
growth. Empirically, there has been a long tradition that the restriction of
a long-run elasticity of unity represents a good description of the data, resulting
in the phenomenon of stationary great ratios; see Klein and Kosobud (1961),
Davidson et al. (1978) and King et al. (1991).

The remaining sections of this paper proceed as follows. Section 2 describes
the system of variables generated by an endogenous growth model, and dis-
cusses the relationship between the univariate and multivariate time series
representations of the variables. Section 3 shows that the perpetual growth
requirement implies some restrictions on the propagation mechanism; in
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2This is the most general linear formulation for an endogenous growth model. See Section 4 for
a special case with state space representation.

particular, it leads to an increase in the order of integration of the variables.
Under a stronger assumption of steady-state growth, Section 4 derives the
integration and cointegration properties of endogenous growth models and
Section 5 considers the conditions leading to a particular set of cointegrating
relationships. Section 6 concludes by relating the derived results with those in
the literature and by discussing their empirical implications.

2. Multivariate and univariate representations of an endogenous growth model

It is assumed in this paper that the evolution of the variables can be
adequately captured in a linear framework. A linear dynamic system is used in
most empirical analysis, including those with the techniques of unit roots and
cointegration; see Bernard and Durlauf (1995), Carlino and Mills (1993), and
Jones (1995). Let X
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generated by an endogenous growth model. The structural relationships among
the variables are given by the following system of linearly independent equa-
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3On the other hand, trend-generating elements are present in the external impulses of stochastic
exogenous growth models. The exogenous growth-generating elements commonly assumed in these
models are di!erence stationary (with strictly positive drift) processes or trend stationary processes;
see, for example, Campbell (1994).

4The absence of exogenous trend-generating element implies only that the (unconditional) mean
of the external impulse is zero, but this can be consistent with stationary or no-drift di!erence
stationary processes. It is natural from a modelling point of view to treat the unobserved external
impulses, which may be interpreted as measurement errors or less important missing variables, as
stationary (instead of no-drift di!erence stationary) processes; see the various stochastic endogenous
growth models mentioned in Section 1, and see more discussion in Canova et al. (1994). Further-
more, Lau (1997) uses the framework of this paper and shows that no-drift di!erence stationary
external impulse processes are neither necessary nor su$cient for perpetual growth in endogenous
growth models.

For a meaningful growth model, at least one of the variables (such as real per
capita output) must exhibit perpetual growth. This means that the expected
growth rate of the variable is strictly positive at all future periods. Moreover,
each growing variable is assumed to be expressed in log, which is consistent with
the log-linearization of the Euler equations around the steady-state growth
path; see, for example, King et al. (1988a) and Campbell (1994).

A characteristic feature of endogenous growth models comes from the simple
fact that perpetual growth is explained in terms of economic agents' deliberate
actions, instead of being generated by exogenous technological progress. As
a result, perpetual growth is generated in a time-invariant economic environment
(technology, preference, endowment and so on) in the absence of exogenous
growth-generating element, with speci"c driving forces of growth emphasized in
di!erent endogenous growth models. This is true whether the model focuses on
externality (Romer, 1986; Lucas, 1988), assumes imperfect competition (Romer,
1990) or emphasizes the absence of non-reproducible factors in the production
process (Rebelo, 1991; Barro, 1990). To represent the above idea in a stochastic
setting, the mean of the external impulses e

kt
(k"1,2, n) in Eq. (2.1) of an

endogenous growth model should not be trending.3 Speci"cally, they are as-
sumed to be independent zero-mean stationary processes in this paper.4 More-
over, at least one of the k

k
's in Eq. (2.1) has to be non-zero so as to produce

perpetual growth when exogenous growth-generating element is absent.
The above framework represents a general description of di!erent stochastic

endogenous growth models. For the stochastic Uzawa}Lucas model discussed
in King et al. (1988b), the three-variable system of log output, log physical
capital and log human capital are represented by their Eqs. (3.1), (3.4a) and
(3.4b). In the stochastic version of the AK model studied in Lau (1997), the
two-variable system of log output and log investment are represented in vector
form by Eq. (37) of that paper. For the Barro}Glomm}Ravikumar model
examined in Lau and Sin (1997), the three-variable system of log output, log
private capital and log government capital are represented by their Eqs. (10), (11)
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5When each stationary impulse is expressed in ARMA form, e
t
can be collectively represented by

=(B)e
t
"D(B)e

t
where e

t
is a vector of uncorrelated white noise structural disturbances, and=(B)

and D(B) are diagonal polynomial matrices such that each diagonal element of =(B) or D(B) has
roots strictly outside the unit circle. Pre-multiplying Eq. (2.2) by D~1(B)=(B) leads to
D~1(B)=(B)U(B)X

t
"D~1(1)=(1)k#e

t
, which is a structural vector autoregression (with possibly

in"nite number of lags) such that individual components of e
t
are uncorrelated at all lags and leads.

While this system may also be the basis of analysis, this paper chooses to focus on the equivalent
system (2.2) since it resembles the behavioral model emphasized in the growth literature; see, for
example, Eq. (37) of Lau (1997).

6By pre-multiplying the structural vector autoregression (VAR) with the inverse of its leading
parameter matrix, which exists for a meaningful model, a VAR with a diagonal leading parameter
matrix is obtained and this can be viewed as the multivariate reduced form of the structural
equations (Hamilton, 1994, p. 327).

and (17). It can be observed from these papers that the dynamic system of each
endogenous growth model "ts into the general speci"cation of Eq. (2.2) with
stationary e

t
, with the parameters in k and U(B) correspond to those of a speci"c

model.
It should be emphasized that the system of dynamic equations (2.2) captures

the behavioral relationships of the variables and therefore is, in econometric
terminology, structural (in which the leading parameter matrix U

0
may have

non-zero o!-diagonal elements).5 Unlike a reduced form model (in which the
leading parameter matrix is diagonal) speci"ed in many statistical analysis
which sometimes ignores the constant or trend terms for simplicity (as in Engle
and Granger, 1987, p. 254; Johansen, 1988, p. 232),6 an important point of the
structural speci,cation in Eq. (2.2) is that all the variables involved are without
transformation such as detrending. This complete speci"cation of the model is
crucial to the analysis of this paper which focuses on the interaction between
growth requirement and the structural parameters in U(B) and k, whereas the
vector k would be removed from Eq. (2.2) if the variables were detrended. The
following two representations will be useful for the derivation of time series
properties of endogenous growth models.

2.1. Multivariate error correction representation

It can easily be derived that Eq. (2.2) is equivalent to the following representation:

P(B)(1!B)X
t
#U(1)X

t~1
"k#e

t
(2.4)

where P(B) is a function of U(B) and

U(1),
b
+
j/0

U
j
. (2.5)
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7Fractional integration is not considered in this paper.

See, for example, Johansen (1988, 1991). The matrix U(1) is known as the
long-run impact matrix of the dynamic simultaneous-equation system corre-
sponding to an endogenous growth model.

2.2. Univariate representation

Solving the system of equations (2.2) simultaneously (or equivalently, pre-
multiplying Eq. (2.2) by the adjoint of U(B)) gives the following univariate time
series representation of X

t
in vector form:

DU(B)DX
t
"adj[U(B)](k#e

t
) (2.6)

where DU(B)D and adj[U(B)] are the determinant and adjoint of the polynomial
matrix U(B) respectively; see, for example, Zellner and Palm (1974). Note
that the dynamic equation of each element of X

t
involves only its lag terms,

a constant plus a linear combination of external impulses, as illustrated in Eqs.
(3.5a) and (3.5b) of King et al. (1988b) which arise from an economic model.
Moreover, the autoregressive polynomial of each variable is the same and equals
to DU(B)D unless there are common factors that cancel across the ARIMA
representation.

3. Perpetual growth requirement, rank de5ciency and increase in order of
integration

In this paper, the time series of interest are assumed to be integrated processes
} that is, stationarity of the series can be achieved by successive di!erencing.7
Statistical techniques for analyzing integrated processes are well developed.
A scalar time series is said to be integrated of order d, I(d), if it must be
di!erenced d times before it is stationary. A vector time series is said to be
integrated of order d if at least one element must be di!erenced d times before it
is stationary. In other words, when a time series analyzed in this paper is
represented as a sum of a deterministic component and a stochastic component
(see Campbell and Perron, 1991), then the stochastic component is an ARIMA
process with zero (unconditional) mean and the deterministic trend component
is a polynomial function of time.

Since only integrated series are considered, the (scalar) backshift poly-
nomial DU(B)D of the autoregressive part of Eq. (2.6) contains either roots on or
outside the unit circle. The polynomial DU(B)D, which is of "nite order, can be
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8 It should be noted that while q,Q(1)k"0 is ruled out, there is no assumption to rule out
adj[U(1)]k"0 or equivalently h*1. The latter case represents unit root cancellation with meaning-
ful interpretation (see, for example, footnote 15), but the former case is simply fortuitous since q is
generally a convoluted function of preference, technology and depreciation parameters; see, for
example, Eqs. (3.5a) and (3.5b) of King et al. (1988b), and Eqs. (38) and (39) of Lau (1997). More
importantly, q"0 will imply the counterfactual predictions that (i) growth rate depends on the
initial condition and (ii) the order of integration of variables is two or above; see footnotes 11 and 10
also.

represented as

DU(B)D"(1!B)mg(B) (3.1)

where m is a positive integer or zero, and g(B) contains only roots strictly outside
the unit circle. To incorporate the possibility of unit root cancellation, the
polynomial matrix adj[U(B)] is similarly represented as

adj[U(B)]"(1!B)hQ(B) (3.2)

where h is a non-negative integer not greater than m such that there is no
common factor of (1!B) for the non-zero elements of the polynomial matrix
Q(B).

Substituting Eqs. (3.1) and (3.2) into Eq. (2.6) gives

(1!B)m~hg(B)X
t
"Q(B)(k#e

t
),q#u

t
(3.3)

where q,Q(1)kO0 is assumed.8 Since e
t
is I(0), it is clear that X

t
is I(m!h)

and, therefore, m!h (*0) is interpreted as the increase in the order of integra-
tion of the vector X

t
due to the propagation mechanism of the endogenous

growth model.
Proposition 1 shows that there is a close relationship between perpetual

growth, reduced rank of the long-run impact matrix U(1) and increase in the
order of integration in endogenous growth models. In terms of the framework of
Section 2, endogenous growth means that perpetual growth is generated in
system (2.2) with stationary external impulse processes. All the proofs of this
paper are given in the Appendix.

Proposition 1. If a system of variables represented by Eq. (2.2) exhibits endogenous
growth, then

(a) m!h*1; (3.4)

(b) DU(1)D"0; (3.5)
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(c) 0)r)"n!1 (3.6)

where

r"rank[U(1)]. (3.7)

It can easily be observed that each of the stochastic endogenous growth models
mentioned in Section 1 exhibits these properties.

4. Steady-state growth, integration of order one and cointegration

The analysis of Section 3 shows that the perpetual growth requirement
imposes some restrictions on U(B) of Eq. (2.2). Under the assumptions that the
variables evolve linearly and all the series are integrated, it is shown that the
autoregressive polynomial in Eq. (3.3) must contain at least one factor of (1!B)
in order to generate perpetual growth. The presence of the factor (1!B) in the
autoregressive polynomial in Eq. (3.3) prevents the economy from settling down
eventually to a no-growth path. In particular, if m!h*2, then the expected
growth rate of a variable is not only strictly positive, but is increasing over time;
see Eq. (A.1) of the Appendix also. In Romer's (1986) in#uential paper on
endogenous growth, one motivating factor for the consideration of this class of
growth models is the empirical evidence regarding the increasing growth rate of
per capita output in the last few centuries.

On the other hand, according to many economists, a major stylized fact about
economic growth is that important variables such as real per capita output or
investment are growing at fairly constant (instead of increasing) rates on average
for a very long period; see Kaldor (1961) and King et al. (1991). To capture this
stylized fact as well as for analytical convenience, the concept of steady-state
growth is used prevalently in the literature of economic growth. In a (stochastic)
steady-state growth path, the expected growth rate of a variable is strictly
positive and constant over time. Note that the concept of perpetual growth or
steady-state growth is applicable to all growth models, including endogenous
growth models.

This section continues on the analysis of the time series properties of endogen-
ous growth models and obtains sharper results by making a stronger assump-
tion of steady-state growth. Proposition 2 relates endogenous steady-state
growth and the time series properties of the variables. In terms of the framework
of Section 2, endogenous steady-state growth means that perpetual and non-
explosive growth is generated in system (2.2) with stationary external impulse
processes. The proof of Proposition 2 makes use of Lemma 1, which holds for
any polynomial matrix in the backshift operator.

S.-H.P. Lau / Journal of Econometrics 93 (1999) 1}24 9



9As seen in the Appendix, the proof of Lemma 1 is an integral part of the subsequent proofs.
Moreover, while Eq. (4.1) is the same as Theorem 2.1(i) in Davidson (1991), the proof in this paper
makes use of an alternative method based on the Smith}McMillan lemma for polynomial matrices
(Yoo, 1986), which is particularly useful for the issues addressed in this paper.

10Many economists such as Campbell and Perron (1991) suggest that most macroeconomic
variables, except possibly money supply and general price level, are either I(0) or I(1).

11This result depends on the assumption that qO0. If q"0 due to fortuitous cancellations, then
it can be shown that the growth-generating condition increases a variable's order of integration in
mean (corresponding to the deterministic trend component) by one, and its order of integration in
variance (corresponding to the stochastic component) by two or more. (See Yoo (1986) for more
discussion of these concepts; speci"cally, a variable is I(1) in mean if its unconditional mean is linear
in time, and it is I(1) in variance if its variance is increasing linearly over time.) The reasons of ruling
out q"0 are given in footnote 8.

¸emma 1.9 For an arbitrary polynomial matrix U(B) with the de,nitions in
Eqs. (3.1), (3.2) and (3.7),

(a) m*n!r; (4.1)

if m*1, then

(b) m!h"max(m
i
) (4.2)

where m
i
(i"r#1,2, n) is de,ned in Eq. (A.3) of the Appendix.

Proposition 2. If a system of variables represented by Eq. (2.2) exhibits endogen-
ous steady-state growth, then

(a) m!h"1; (4.3)

(b) r"n!m. (4.4)

Eq. (4.3) implies that the vector of variables generated by an endogenous
steady-state growth model is I(1) with drift:10 exhibiting both perpetual, non-
explosive growth and unit root non-stationarity.11 This result is consistent with
the unit root property of the variables in existing endogenous growth models, as
illustrated in Eqs. (3.5a) and (3.5b) of King et al. (1988b), Eq. (6) of Leung and
Quah (1996), Eqs. (38) and (39) of Lau (1997), Eq. (8) of Kocherlakota and Yi
(1997), and Eqs. (12)}(14) of Lau and Sin (1997). At "rst glance, it may seem that
unit root non-stationarity is an obvious result implied simply by the de"nition
of steady-state growth. Even though there is a connection between steady-state
growth and di!erence stationarity, the underlying reason is not trivial and is
easier to understand by using the concepts of &I(1) in mean' and &I(1) in variance'
mentioned in Yoo (1986); see footnote 11 also. First of all, in an exogenous

10 S.-H.P. Lau / Journal of Econometrics 93 (1999) 1}24



12This statement refers to the vector of variables, but not necessarily all its components. Because
of the equivalence of alternative representations, it is possible that in some representations, not all
variables are di!erence stationary. For example, while log output and log capital are individually
I(1) in Eqs. (4) and (5) of Leung and Quah (1996), it can easily be shown that log output and log
capital}output ratio represent the same system and the latter variable is I(0) due to the presence of
cointegration.

growth model exhibiting steady-state growth, the variables may be either trend
stationary (i.e. I(1) in mean but I(0) in variance) or di!erence stationary (i.e. I(1)
in mean and I(1) in variance); see, for example, King et al. (1988a,b) and
Campbell (1994). Clearly, steady-state growth of a variable (or equivalently I(1) in
mean if the variable is in log) does not imply I(1) in variance. What the above
analysis shows is that there is a close relationship between the phenomena of I(1)
in mean and I(1) in variance for the class of endogenous growth models. The
intuition is that since there is no trend growth in the impulse, there has to be
some conditions on the propagation mechanism (e.g. production is homogenous
of degree one in accumulable factors or the extent of externality is strong
enough) that generates steady-state growth. This growth generating condition
leads to exactly one factor of (1!B) in the autoregressive part of Eq. (3.3). The
presence of this factor in the autoregressive polynomial increases simultaneously
the order of integration in mean by one (and thus generates steady-state growth)
and the order of integration in variance by one (and thus generates unit root
non-stationarity). Therefore, the system of variables are di!erence stationary
with drift.12

The remaining analysis in this section is devoted to the cointegration proper-
ties of endogenous growth models. A n-dimensional vector of I(1) variables is
said to be cointegrated with cointegrating rank r if r independent linear combi-
nations of its components are I(0). It is well known that the multivariate
time series properties of the variables depends on the rank of U(1);
see Johansen (1988, 1991). There are three interesting cases for the rank of
this long-run impact matrix: the variables in Eq. (2.2) are stationary if the
rank is n, variables are I(1) and cointegrated if 1)rank[U(1)])n!1, and they
are not cointegrated but individual components are integrated when the rank is
zero.

Eq. (4.4) indicates that with steady-state growth, the rank of U(1) bears
a one-to-one relationship to the number of factors of (1!B) in DU(1)D. Unfortu-
nately, because of the possibility of unit root cancellation (i.e. both m and h are
strictly positive), there is no further restriction on parameter m and therefore on
r even though m!h"1 according to Eq. (4.3). The following three examples
illustrate that the rank of U(1) for an endogenous growth model can be from
zero to n!1. In each case, the number of variables is three.
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13Provided that the assumptions e
t
is I(0) and kO0 are satis"ed, this system does not arise from

over-di!erencing and may represent the structural relationships of an endogenous growth model.
However, it should be mentioned that Examples 1 and 2 do not resemble existing endogenous
growth models, and they are constructed simply to illustrate the impossibility of obtaining more
precise predictions about the cointegrating rank without imposing further restrictions.

Example 113

1!B 0 0

1!B 1!B 0

1!B 1!B 1!B

X
t
"k#e

t
(4.5)

It can easily be concluded that r"0, m"3"n and h"2"m!1. Therefore,
individual variables exhibit steady-state growth and are I(1), but there is no
cointegrating vector.

Example 2

1!B 0 0

1!B 1!B 0

0 !0.3B 1!0.8B

X
t
"k#e

t
(4.6)

In this case, r"1, m"2"n!r and h"1"m!1. Individual variables
exhibit steady-state growth and are I(1), and there is one cointegrating vector,
1.5X

2
!X

3
.

Example 3. For the three-variable system of log output, log private capital and
log public capital considered in Lau and Sin (1997, p. 129), it can be observed
that r"2, m"1"n!r and h"0"m!1.

Unit root cancellation is present in Examples 1 and 2, but is absent in
Example 3. It can be concluded from the above analysis that for an endogenous
steady-state growth model represented by the general speci"cation Eq. (2.2),
while the possibility of full rank (i.e. stationary variables) is excluded by Eq. (3.6),
the remaining two cases (cointegration or no cointegration) may be present.

To derive sharper cointegration properties, it is observed that most existing
endogenous growth models such as the stochastic version of Romer (1986),
Lucas (1988), Romer (1990) or Rebelo (1991) can be captured in a state space
formulation, which is a subset of the general representation (2.2). Let X

t
be

partitioned into two sets: a p]1 (1)p)n!1) vector of state variables
S
t
(usually stock variables such as human capital, private or public physical
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14See King et al. (1988a, p. 212) and Canova et al. (1994, p. 228) for examples in state space
representation.

capital in the context of growth models) and a (n!p)]1 vector of the remaining
non-state variables Z

t
(usually #ow variables such as output, consumption and

investment), which depends only on current values of the state variables. In this
case, an endogenous growth model can be represented by14

C
U

S
(B) 0

H FDC
S
t

Z
t
D"C

k
S

k
Z
D#C

e
St

e
Zt
D (4.7)

where U
S
(B) is a p]p polynomial matrix, H and F are matrices (not polynomial

matrices in B) of dimensions (n!p)]p and (n!p)](n!p) respectively, k
S
and

k
Z

are p]1 and (n!p)]1 vectors of constants, respectively, and e
St

and e
Zt

are
p]1 and (n!p)]1 vectors of zero-mean stationary processes, respectively. To
have a meaningful growth model, the assumptions that F~1 exists and k

S
O0

are required.
It is easy to observe that for this system of variables to exhibit growth, at least

one of the state variables must be growing perpetually. Therefore, the above
results apply to the sub-system of state variables; in particular, Eq. (3.6) leads to

0)r
S
)p!1 (4.8)

where r
S
"rank[U

S
(1)]. The cointegration properties are given in the following

Proposition.

Proposition 3. If a system of variables represented in the state space form Eq. (4.7)
exhibits endogenous steady-state growth, then

0(n!p)r"n!p#r
S
)n!1. (4.9)

¹hat is, the variables are cointegrated with n!p#r
S
('0) cointegrating vectors.

The intuition of Proposition 3 is that for the dynamic system of p state
variables S

t
, there are r

S
(*0) cointegrating vectors and therefore p!r

S
common (stochastic) trends, through the connection between cointegrating
relationships and common trends; see Stock and Watson (1988). The n!p
equations between state and non-state variables of system (4.7) give n!p more
cointegrating vectors. Altogether, there are n!p#r

S
('0) cointegrating vec-

tors and still p!r
S

common trends. In the stochastic Uzawa}Lucas model
discussed in King et al. (1988b), physical and human capital are state variables,
and output is a non-state variable. Similarly, in the stochastic Barro}
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15A necessary condition for this result to hold is that the system of n variables is generated by one
endogenous growth model with no dichotomous sub-systems since otherwise h'0 and r(n!1.
Suppose that the variables of di!erent countries are generated by unrelated endogenous steady-state
growth models, each with one common trend. If n

1
variables of a country are added to a system of

n!n
1

variables of another country, then all variables are I(1) individually but there are now two
common trends corresponding to the two independent &constant returns' conditions. Therefore,
there will be n!2 cointegrating vectors for this system of n variables. However, there is no
inconsistency with the above interpretation, and straightforward extension of the results of previous
sections can be derived.

Glomm}Ravikumar model examined in Lau and Sin (1997), private and public
capital are state variables, and output is a non-state variable. Both systems
satisfy the conditions of Proposition 3, and are cointegrated.

5. One common trend and n!1 stationary great ratios

The analysis in the previous sections shows that unit roots and cointegration
are present in an endogenous growth model under fairly general conditions. It
also suggests that di!erent cointegrating relationships are possible. This section
examines the conditions leading to a particular set of cointegrating relation-
ships, and relates them to the idea in the endogenous growth literature. It is
observed that in many stochastic endogenous growth models, the number of
cointegrating relationships is the number of variables minus one, i.e. there is one
common trend. From the analysis of the previous sections, it can be concluded
that this case corresponds to no unit root cancellation in Eq. (3.3), i.e. h"0.
With no cancellation, m"1 and r"n!1 according to Proposition 2. While
there are interesting circumstances leading to unit root cancellation (see foot-
note 15), the dominant case for existing endogenous growth models is no unit
root cancellation. Moreover, this case appears to be closely related to the idea
mentioned in the theoretical endogenous growth literature. Rebelo (1991, p. 502)
suggests that in order to generate steady-state growth in the absence of
exogenous increases in productivity, `All that is required2 is the existence of
a &core' of capital goods that is produced with constant returns technologies and
without the direct and indirect use of nonreproducible factors.a When there is
no unit root cancellation, Proposition 2 implies that exactly one factor of
(1!B) in the common autoregressive polynomial, DU(B)D, of the univariate
representation (2.6) and exactly n!1 cointegrating relationships in a system of
n variables (i.e. one common trend) are manifestations of the same underlying
factors. The source of both the phenomena of one unit root in (the autoregres-
sive polynomial of) individual variables and only one common trend among the
di!erent variables is the &constant returns' condition required for perpetual
endogenous growth.15
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The following analysis considers the necessary and su$cient conditions for
a particular set of cointegrating relationships in an endogenous growth model:
the n!1 stationary great ratios. They are the cointegrating relationships
implied by many endogenous growth models, and can be regarded as the
stochastic counterpart of balanced growth. One example is Eqs. (15) and (16) of
Lau and Sin (1997) for the stochastic Barro}Glomm}Ravikumar model. Empir-
ically, the hypotheses of stationary consumption}output and investment}out-
put ratios are consistent with post war US data; see King et al. (1991).

Proposition 4. For a system of n variables X
t

generated by an endogenous
steady-state growth model, a necessary condition for the cointegrating relation-
ships to be X

1t
!X

it
(i"2,2, n) is

n
+
i/1

/
ki
"0 (k"1,2, n) (5.1)

where /
ki
,+b

j/0
/j
ki

is the (k, i)th element of the long-run impact matrix U(1).
¹hat is, there are n!1 stationary great ratios when the variables are in log.
Furthermore, if the rank of U(1) is n!1, then Eq. (5.1) is also a su.cient condition
for this particular set of cointegrating relationships.

It should be noted that Eq. (5.1) by itself is not a su$cient condition for the
existence of the n!1 stationary great ratios. This is illustrated by the following
counter example with n"3 and r"1:

U(1)"

!0.7 0.3 0.4

!0.7 0.3 0.4

!0.7 0.3 0.4

"

1

1

1

[!0.7 0.3 0.4]. (5.2)

Even though condition (5.1) is satis"ed, there is just one cointegrating relation-
ship, but not two stationary ratios.

Proposition 4 is useful in checking whether n!1 stationary ratios among
n variables will be generated by a particular endogenous growth model. First, if
condition (5.1) is not satis"ed, then it is not possible to observe n!1 stationary
ratios in a set of n variables generated by an endogenous growth model. Second,
if r"n!1 is satis"ed (say because the system can be represented in state space
form and r

S
"p!1), then the ful"llment of Eq. (5.1) leads to stationary ratios.

To understand the relationship of endogenous steady-state growth and sta-
tionary ratios, consider the special case of b"1, which is satis"ed for many
growth models in which the variables (such as capital) are related to variables
lagged one period only. The relationship of growth and stationary ratios is clear
to see in the multivariate reduced form of Eq. (2.2), UR(B)X

t
"U~1

0
(k#e

t
),
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16The model (2.2) and its reduced form are related by UR(B)"U~1
0

U(B); see, for example,
Hamilton (1994). In particular, it gives UR(1)"U~1

0
U(1) and condition (i). Condition (5.1) can be

expressed in vector form as U(1)1
nC1

"0 where 1
nC1

is a n]1 vector of ones. Pre-multiplying this
condition by U~1

0
and using UR(1)"U~1

0
U(1) gives UR(1)1

nC1
"0, i.e. +n

i/1
+b

j/0
(/R)j

ki
"0(∀k).

When b"1, this condition becomes condition (ii) since (UR)
0

is an identity matrix.

which is obtained by pre-multiplying Eq. (2.2) by the inverse of U
0
. It can be

shown that b"1 and condition (5.1) imply the following restrictions on the
parameters of the reduced form: (i) (UR)

0
"I

n
and (ii) +n

i/1
(/R)1

ki
"!1(∀k).16

Condition (i) means that each variable is expressed in terms of variables in
the previous period and some linear combination of the exogenous impulses
only (i.e. in reduced form), and condition (ii) means that each variable is of
constant returns to scale with respect to all variables in the previous period. In
this case, endogenous steady-state growth can be generated by the accumulation
of these variables. Moreover, n!1 stationary ratios will be observed, since both
the deterministic trend and unit root components will cancel out. In terms of the
growth (deterministic trend) component, it is obvious that if all variables grow at
the same expected rate (which is necessary for stationary ratios) in a particular
period, then conditions (i) and (ii) suggest that they will keep on growing at the
same expected rate under the constant returns conditions. The two-equation
system of physical and human capital, Eqs. (3.4a) and (3.4b), in King et al.
(1988b) satis"es b"1 and conditions (i) and (ii).

6. Conclusion

This paper derives univariate and multivariate time series properties of
stochastic endogenous growth models by relating economic growth, unit root
non-stationarity and cointegration in a uni"ed framework. By observing that
the variables of an endogenous growth model are evolving in an environment
with no exogenous trend-generating element and by adopting a linear frame-
work, this paper examines the conditions under which growth is generated in
system (2.2) with stationary external impulse processes. It is shown that the
factor (1!B) must be present in the determinant of the polynomial matrix U(B)
in order to generate perpetual endogenous growth. This growth-generating
&propagation mechanism' (i.e. the presence of (1!B) in DU(B)D) induces an
increase in the order of integration as well as a reduction of the rank of U(1).
Moreover, the variables will be I(1) when the model possesses steady-state
growth, and they will be cointegrated if they satisfy a state space representation.
Finally, in many stochastic endogenous growth models with no dichotomous
sub-systems, exactly n!1 cointegrating vectors among a system of n variables
and the phenomenon of stationary great ratios are observed. This corresponds
to condition (5.1) and no unit root cancellation in Eq. (3.3).

16 S.-H.P. Lau / Journal of Econometrics 93 (1999) 1}24



17On the other hand, their other paper (Bernard and Durlauf, 1996) provides a framework for
interpreting the diverse de"nitions, methods and results of cross-section and time series tests of the
convergence hypothesis. While the analysis of Kelly (1992) and Leung and Quah (1996) make clear
that convergence can be consistent with both exogenous and endogenous growth models and thus is
not a distinguishing characteristic between them, the empirical studies of convergence are of
importance as they shed light on interesting questions in income distribution as well as provide
methodological payo!s for research in other area (Leung and Quah, 1996, p. 536).

For models in which perpetual growth is generated by exogenous factors, the
analysis of King et al. (1988a,b) and Lau (1997) suggest that the source of
growth and that of the time series properties may be di!erent. Unit root
non-stationarity and cointegration in exogenous growth models, if present, are
caused by I(1) impulse processes. On the other hand, the results of this paper
suggest that integration and cointegration properties of endogenous growth
models are generated by the propagation mechanism without the help of
external I(1) impulses. The source of growth and that of integration and
cointegration properties are the same, and can be traced to the restriction of
DU(1)D"0 in Eq. (3.5), which is the time series analogue of the &constant returns'
condition (Rebelo, 1991) required for endogenous steady-state growth. There is
a fundamental di!erence in the source of unit roots and cointegration for the
endogenous and exogenous growth models. Unit root non-stationarity and
cointegration are intrinsic to endogenous growth models, but not to exogenous
growth models.

These results about the source of unit roots and cointegration have implica-
tions regarding empirical growth studies. The "rst implication is about the
choice of time series methods studying endogenous growth models. Unit root
and cointegration methods are used in a number of empirical growth studies,
such as Bernard and Durlauf (1995), Carlino and Mills (1993), and Jones (1995).
For example, Bernard and Durlauf (1995) use the idea of cointegration to test
convergence of log per capita real output for 15 OECD countries.17 Individual
output series are modelled as unit root processes in their paper (p. 99), based on
the "nding of the augmented Dickey}Fuller tests. The present paper shows that
integration and cointegration properties are intrinsic to endogenous growth
models, and therefore provides theoretical justi"cation for the use of unit root
and cointegration techniques in growth studies. It is complementary to these
empirical papers on growth issues.

Finally, there is an interesting empirical implication of the fundamental
di!erence in the source of unit roots and cointegration between endogenous and
exogenous growth models. In many systems of equations to be investigated, the
variables are cointegrated. Looking only at the integration and cointegration
pattern, there is an observational equivalence since a cointegrated system can be

S.-H.P. Lau / Journal of Econometrics 93 (1999) 1}24 17



18One explanation of this observational equivalence is simply that unit roots, cointegration and
stationary great ratios are present in the data. As a result, di!erent economic models have to be
speci"ed in ways such that they are consistent with this empirical pattern, even though speci"c
aspects of the models di!er according to their particular emphasis. Viewing from this perspective, it
may appear that the stochastic endogenous growth models just join many existing economic models
in explaining this empirical pattern, and whether integration and cointegration properties are
generated endogenously or exogenously do not matter much. However, by making clear the
conditions under which unit roots and cointegration are generated by the class of models with
well-articulated behavioral relationships rather than unexplained exogenous processes, testable
implications to distinguish between exogenous and endogenous growth models can be suggested.

19One of the frequently cited evidence against endogenous growth models is that the growth rates
of per capita output are essentially trendless, but many investment rate series contain either strong
positive trends or unit roots (Jones, 1995, Table IV). While the evidence regarding output growth is
expected, the conclusion that investment rates are not stationary is di!erent from other empirical
studies such as King et al. (1991). Moreover, the stationarity of some &great ratios' such as the
investment}output ratio is regarded by many researchers as a stylized fact; see Section 5. In order to
decide the empirical relevance of endogenous growth models when a permanent change in investment
rate is absent (or at least cannot be established a$rmatively) in the data, it is useful to consider
alternative approaches. Using the idea mentioned in this paragraph, it can be shown that when
output and investment are cointegrated, testing the long-run e!ect of a disturbance in investment
rate provides an answer to the endogenous versus exogenous growth debate.

consistent with either an endogenous or exogenous growth model.18 However,
under a commonly used assumption in empirical studies that there are as many
underlying structural disturbances as the number of variables, the results of this
paper imply that all structural disturbances in an endogenous growth model will
produce permanent e!ects on the level of the observed variables. On the other
hand, if a cointegrated system is generated by an exogenous growth model, then
some structural disturbances will only produce temporary e!ects. Technically,
in a system of n variables with r (1)r)n!1) cointegrating vectors, the
long-run impact matrix for the structural vector moving-average representation,
which summarizes the long-run e!ects of the structural disturbances on the level
of observed variables, is of reduced rank of n!r. A rank of n!r, or equiva-
lently, n!r independent columns of the matrix implies that at most r structural
disturbances produce zero long-run e!ect. If this cointegrated system is gener-
ated by an exogenous growth model, then exactly r columns of the long-run
impact matrix are zero. On the other hand, if this cointegrated system is
generated by an endogenous growth model, then there is no column of zero in
the long-run impact matrix even though there are still n!r independent
columns (which account for the cointegration phenomenon). This di!erence can
easily be seen by comparing Eqs. (21) and (14) of Lau (1997), where the latter
equation is a direct consequence of Eq. (4.3) of this paper. This systematic
di!erence may be used to distinguish between these two classes of growth
models, provided that the structural disturbances can be identi"ed from an
estimated reduced form system. This idea is applied in another paper.19

18 S.-H.P. Lau / Journal of Econometrics 93 (1999) 1}24



20Alternatively, Eq. (3.4) and the non-negativity of m and h imply that m*1 and therefore
DU(1)D"0. Obviously, DU(1)D"0 is a necessary condition only. An interesting endogenous growth
model requires further economic conditions such as a su$ciently productive technology so as to
generate positive steady-state growth (i.e. at least one element of g~1(1)q in Eq. (A.1) is positive).
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Appendix

Proof of Proposition 1. It is helpful to re-write Eq. (3.3) as

(1!B)X
t
"(1!B)1~(m~h)g~1(1)q#(1!B)1~(m~h)g~1(B)u

t
. (A.1)

A particular element of the vector (1!B)X
t
is interpreted as the growth rate of

the variable when it is expressed in log. Note that at least one element of g~1(1)q
is positive; see footnote 8. With the perpetual growth requirement, Eq. (3.4) is
obvious from Eq. (3.3) or Eq. (A.1) since X

t
would be stationary if m!h"0.

When X
t
is I(d) where d*1, (1!B)X

t
is I(d!1) and so the "rst term of the

left-hand side of Eq. (2.4) is at most I(d!1). By straightforward &integration
accounting' of Eq. (2.4), it can be concluded that U(1) must be of reduced rank.
This means that DU(1)D"0 in Eq. (3.5) and r)n!1 in Eq. (3.6).20 h

Proof of ¸emma 1. First, it is easy to observe that when m"0, the matrix U(1) is
of full rank and Eq. (4.1) is satis"ed. When m*1, U(1) is of reduced rank, i.e.
0)r)n!1. According to the Smith}McMillan lemma, a rational polynomial
matrix U(B), which is "nite for all B on or within the unit circle (the former case
being unit root non-stationarity) can be diagonalized as

M(B)";(B)U(B)<(B) (A.2)

where (i) ;(B) and <(B) are polynomial matrices with D;(B)D and D<(B)D only
contain roots outside the unit circle, and (ii) M(B) is a diagonal polynomial
matrix with DM(B)D contains roots on or within the unit circle. See Yoo (1986) or
Engle and Yoo (1991).

As;(B) and<(B) are invertible, the rank of M(1) must be the same as the rank
of U(1). Since ;(B) and <(B) are not unique, an appropriate choice of these
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matrices can give M(B) as a diagonal polynomial matrix of the following form:

M(B)"diag[I
r
, (1!B)mr`1,2, (1!B)mn] (A.3)

such that I
r
is an identity matrix of dimension r and m

i
*1 (i"r#1,2, n).

Taking the determinants of the matrices on both sides of Eq. (A.2) and using
Eq. (3.1), it can be derived that

(1!B)+n
i/r`1mi"(1!B)mD;(B)Dg(B)D<(B).D (A.4)

Since g(B), D;(B)D and D<(B)D contain no power of (1!B), it is obvious that m is
the sum of the n!r terms of m

i
. Since m

i
*1, Eq. (4.1) is obtained immediately.

Pre-multiplying Eq. (2.2) by ;(B) and then applying Eq. (A.2) leads to

M(B)G
t
";(B)(k#e

t
) (A.5)

where G
t
"<~1(B)X

t
. Solving (A.5) simultaneously gives

DM(B)DG
t
"adj[M(B)];(B)(k#e

t
). (A.6)

De"ne m*"max(m
i
). Therefore, m!m*"min(m!m

i
). When m*1, it can be

shown that m**1, m!m**0 and

adj[M(B)]"(1!B)m~m*diag[(1!B)m*I
r
, (1!B)m*~mr`1,2,

(1!B)m*~mn]. (A.7)

The polynomial matrix diag[(1!B)m*I
r
, (1!B)m*~mr`1,2, (1!B)m*~mn] is nei-

ther I
n
(since m**1) nor 0

nCn
; moreover, there is no common factor of (1!B)

for its non-zero elements since at least one of the last (n!r) diagonal elements is
one (as at least one of m*!m

i
is zero). Therefore, Eq. (A.6) becomes

(1!B)m*<~1(B)X
t
"diag[(1!B)m*I

r
, (1!B)m*~mr`1,2,

(1!B)m*~mn];(B)(k#e
t
). (A.8)

Comparing Eq. (A.8) with Eq. (3.3) regarding the order of integration of X
t
gives

m*"m!h, which is Eq. (4.2). h

Proof of Proposition 2. For any non-zero vector of constants f (which is g~1(1)q
in the current context), (1!B)vf contains terms of t or higher order when
v)!1, equals to f when v"0 and equals to 0 when v*1. Therefore, it is
concluded from Eq. (A.1) that m!h has to equal to 1 in order to generate
steady-state growth. This proves Eq. (4.3). Since m

i
(i"r#1,2, n) is strictly
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positive, Eq. (4.3) and Eq. (4.2) imply that for all i"r#1,2, n,

m
i
"1. (A.9)

Combining Eqs. (A.4) and (A.9) then gives Eq. (4.4). h

Proof of Proposition 3. Comparing Eq. (2.2) with Eq. (4.7) and applying the
formula for the determinant of a partitioned matrix (see, for example, Amemiya,
1985, p. 460), it can be concluded that

DU(B)D"DU
S
(B)D DFD (A.10)

since F~1 exists. Applying the Smith}McMillan lemma to U
S
(B) gives

M
S
(B)";

S
(B)U

S
(B)<

S
(B) (A.11)

where ;
S
(B) and <

S
(B) are invertible, and M

S
(B) is a diagonal polynomial

matrix with I
rS

in the upper-left-hand corner and (1!B)I
p~rS

in the lower-right-
hand corner, given the result of Eq. (A.9) under steady-state growth.

Therefore, taking the determinants of the matrices on both sides of Eq. (A.2)
and using Eqs. (A.3), (A.9)} (A.11), it can be derived that

(1!B)n~r"(1!B)p~rSD;(B)D D;
S
(B)D~1D<

S
(B)D~1DFD D<(B)D. (A.12)

Since the various determinants on the right-hand side of Eq. (A.12) contain no
power of (1!B), Eq. (A.12) implies that r"n!p#r

S
. Simple algebra involv-

ing Eq. (4.8) gives Proposition 3. h

Proof of Proposition 4. Using Eq. (5.1), the matrix U(1) can be expressed as

U(1)"

!

n
+
i/2

/
1i

/
12

/
13 2 /

1,n~1
/

1n

!

n
+
i/2

/
2i

/
22

/
23 2 /

2,n~1
/

2n

) ) ) ) ) )

) ) ) ) ) )

!

n
+
i/2

/
n~1,i

/
n~1,2

/
n~1,3 2 /

n~1,n~1
/
n~1,n

!

n
+
i/2

/
ni

/
n2

/
n3 2 /

n,n~1
/

nn

. (A.13)
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The n!1 cointegrating relationships X
1t
!X

it
(i"2,2, n) can be represented

by the second matrix (of dimension (n!1)]n) of the following expression:

!/
12

!/
13 2 !/

1,n~1
!/

1n
!/

22
!/

23 2 !/
2,n~1

!/
2n

) ) ) ) )

) ) ) ) )

!/
n~1,2

!/
n~1,3 2 !/

n~1,n~1
!/

n~1,n
!/

n2
!/

n3 2 !/
n,n~1

!/
nn

]

1 !1 0 2 0 0

1 0 !1 2 0 0

) ) ) 2 ) )

1 0 0 2 !1 0

1 0 0 2 0 !1

. (A.14)

Pre-multiply this matrix by the "rst matrix of Eq. (A.14), which is an arbitrary
n](n!1) matrix. It is easy to observe that the product matrix is given by the
right-hand side of Eq. (A.13), and the sum of the coe$cients in any row of this
product matrix is zero. Therefore, expression Eq. (A.14) implies condition (5.1),
i.e. Eq. (5.1) is a necessary condition for the cointegrating relationships
X

1t
!X

it
(i"2,2, n).

If the rank of U(1) is n!1, then U(1) can be factorized as the product of
a n](n!1) matrix with rank n!1 and a (n!1)]n matrix with rank n!1.
When the coe$cients of matrix U(1) are restricted by condition (5.1), one way to
represent this (non-unique) factorization is expression (A.14) such that the "rst
matrix is of rank n!1. Therefore, the cointegrating relationships are given by
X

1t
!X

it
(i"2,2, n). h
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