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Abstract

This paper studies how “rational inattention” (RI)—a type of information processing constraint proposed by Sims [Sims, C.A.,
2003. Implications of rational inattention, Journal of Monetary Economics 50 (3), 665–690]—affects the joint dynamics of con-
sumption and income in a permanent income model with general income processes. Specifically, I propose an analytical approach
to solve the multivariate permanent income model with RI and examine its implications for optimal consumption, saving, and wel-
fare. It is shown that RI can affect the relative volatility of consumption and provide an endogenous propagation mechanism that
disentangles the short-run and long-run responses of consumption to exogenous income shocks. I also explore how aggregation
reduces the impact of the RI-induced endogenous noise on consumption and thus increases the smoothness of aggregate consump-
tion. Finally, I compare RI with four alternative hypotheses (habit formation, signal extraction, robustness, and inattentiveness) by
examining their implications for the joint behavior of consumption and income.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Canonical macroeconomic theory assumes that agents have the ability to process as much information as they need
instantaneously and completely, and thus have perfect information about the state(s). However, in reality ordinary
people only have finite information-processing capacity; consequently, they cannot observe and process all available
information about the state(s) perfectly when making economic decisions.1 Sims (2003) proposed a new theory, ratio-
nal inattention (RI),2 to capture this fact by assuming that information about the state flows through a finite channel
before it reaches the agents.3 In his analysis, Sims explicitly solved an RI version of the permanent income hypothesis
(PIH) model by restricting attention to the unrealistic case of i.i.d. income shocks. In this paper, however, I consider a

* Fax: +(852) 2548 1152.
E-mail address: yluo@econ.hku.hk.

1 As shown in Shannon (1948), measuring a real-valued stochastic process without error implies an infinite amount of information processing
capacity.

2 In this paper, I use “information processing constraints” and “rational inattention” (henceforth “RI”) interchangeably.
3 It may be fraught with some endogenous errors which affect optimal decisions; consequently, agents cannot observe the state perfectly and

cannot adjust their optimal plans instantly and completely with respect to exogenous shocks.
1094-2025/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
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much larger class of income processes. First, I show that within the linear quadratic Gaussian (LQG) framework, the
multivariate permanent income model with general income processes can be reduced to a univariate model with i.i.d.
innovations to permanent income that can be solved in closed-form solution. I then derive an analytical representation
for optimal consumption when income is the sum of a unit root process and an MA(k) process. In addition, I also
work through the implications of this analytical representation for some specific income processes, and show in some
numerical examples that the welfare losses for even relatively tight informational constraints are trivial.

I go on to discuss the aggregate implications of RI for individual income processes of this kind. I show that, relative
to the standard rational expectation (RE) PIH model, aggregate consumption growth under RI could exhibit both
“excessively smooth” to unanticipated income growth and “excessively sensitive” to anticipated changes in income.
These characterizations are qualitatively consistent with the observed excess smoothness and excess sensitivity of
aggregate consumption in the US data. Hence, the RI hypothesis could be a potential explanation for the two empirical
puzzles that cannot be explained by the standard PIH model: the excess smoothness puzzle and the excess sensitivity
puzzle.4 In a recent paper, Reis (2006) analyzed optimal consumption decisions of agents facing costs of planning
in a continuous-time model with the exponential utility and showed that inattentiveness due to costly planning could
be an alternative explanation for the two puzzles. The main difference between this paper and Reis’ paper is that this
paper follows the line of Sims (2003) and uses the concept of Shannon channel to characterize inattention, whereas
Reis modeled ‘inattentiveness’ by assuming the existence of decision costs that induces agents to only infrequently
update their decisions. The two models have distinct mechanisms of individuals’ slow adjustment in consumption but
could result in similar aggregate consumption dynamics under some restrictions.5

Finally, I also compare RI with three alternative models (habit formation, signal extraction, and robustness) within
the same PIH framework. Specifically, I explicitly derive their implications for the mapping from exogenous income
processes into a joint process for consumption and income, and then discuss how these models differ in the empirical
content summarized by the mapping at both individual and aggregate levels.

The main contribution of this paper is that I propose a tractable analytical approach to solve an RI version of the
PIH model with general income processes. The explicit solution has the following advantages: First, it gives us clear
economic insight about the nature of RI and it also greatly facilitates comparative statics analysis. Second, the welfare
loss due to RI can be easily calculated. Finally, the solution to a single-agent case is in exact aggregation form and
thus can be aggregated to obtain the joint dynamics of aggregate consumption and income. After solving the RI model
with some specific income processes, I show that RI provides an endogenous propagation mechanism to disentangle
the short-run responses from the long-run responses of consumption to various income shocks. The main mechanism
behind these results is that with finite Shannon capacity, consumers cannot respond instantly and without errors to
the changes in wealth; consequently, consumption reacts to the wealth shocks gradually, which means the responses
to the shocks can be propagated via the slow adjustment in consumption. I also explicitly derive an expression for
the relative volatility of individual consumption to income and show that the volatility of individual consumption
increases with the degree of RI.

Recently, some papers have incorporated information frictions into a variety of theoretical models and explored how
information imperfection affects optimal decisions of consumers, firms, and investors, as well as their implications
for equilibrium and monetary policy. For example, Woodford (2001), Ball et al. (2005), and Adam (2005) analyzed
the effects of imperfect common knowledge on monetary policy and inflation dynamics; Moscarini (2004) derived
optimal time-dependent adjustment rules from information constraints; Luo and Young (2006) examined the effects
of RI on the amplification and propagation mechanisms of aggregate shocks; Maćkowiak and Wiederholt (2005)
investigated how the optimal allocation of attention affects the dynamics of prices.

The remainder of the paper is organized as follows. Section 2 presents an RI version of the PIH model with general
income processes and discusses some implications of RI for individuals’ optimal consumption decisions. Section 3
discusses the implications of RI for aggregate consumption. Section 4 compares the RI model with four alternative
models. Section 5 concludes.

4 Numerous economic arguments have been advanced to explain these two puzzles. A partial listing of these explanations includes: rule-of-thumb
consumers (Campbell and Mankiw, 1989), habit formation (Deaton, 1992), incomplete aggregate information (Pischke, 1995), and the buffer stock
model (Ludvigson and Michaelides, 2001).

5 See Section 4 for a detailed comparison.
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2. The PIH model with rational inattention

2.1. The model setup

Consider a simple permanent income model with a continuum of consumers facing information-processing con-
straints. Specifically, in this section, I focus on optimizing behavior of the typical consumer with information-
processing constraints. In the next section, I will examine the implications of RI for aggregate consumption after
aggregating across all consumers in the economy. Before setting up the PIH model with RI, I first present a standard
rational expectation (RE) version of the PIH model with general income processes and then show that it can be re-
duced to a univariate PIH model with i.i.d. innovations to permanent income into which RI can be easily incorporated.
This approach to reduce the state space simplifies the model greatly because multivariate versions of the RI model
require a separate “no subsidization” constraint that is highly nonlinear, which makes the RI model very difficult to
solve, even within the LQG framework.6

A standard RE version of the PIH model can be formulated as follows

max{ct }
E0

[ ∞∑
t=0

βtu(ct )

]
(1)

subject to

wt+1 = R(wt − ct ) + yt+1, (2)

where u(ct ) = − 1
2 (ct − c)2 is the utility function, c is the bliss point, Eq. (2) is the flow budget constraint, ct is

consumption, wt is wealth, yt is a general income process with Gaussian white innovations, β is the discount factor,
R is the constant gross interest rate at which the consumer can borrow and lend freely, and βR = 1 (an assumption
typically imposed in the literature).7 This specification follows that in Hall (1978) and Flavin (1981), and implies that
optimal consumption is determined by permanent income, that is,

ct = R − 1

R
st , (3)

where

st = wt +
∞∑

j=1

R−jEt [yt+j ] (4)

is the expected present value of lifetime resources, which consists of financial wealth plus human wealth. If st is
defined as a new state variable, we can reformulate the above PIH model as follows8:

v(s0) = max{ct }
E0

[ ∞∑
t=0

βtu(ct )

]
(5)

subject to

st+1 = R(st − ct ) + ζt+1, (6)

where

ζt+1 =
∞∑

j=t+1

R−j+(t+1)(Et+1 − Et)[yj ] (7)

is the (t +1)-innovation to permanent income and v(s0) is the consumer’s value function under RE. In other words, by
defining a new state variable st , the original multivariate optimization problem can be reduced to a univariate problem

6 This constraint implies that the uncertainty regarding one state variable cannot be increased in order to reduce the uncertainty regarding another.
In other words, information flow cannot be kept low by “forgetting” some existing information, trading it off for more information about other state
variables. See Sims (2003) for a detail discussion.

7 In Section 2.3, I also briefly discuss the effects of RI for consumption when βR �= 1.
8 See Appendix A.1 for the derivation.
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in which RI can be easily incorporated. This univariate RE PIH model leads to the well-known random walk result of
Hall (1978):

�ct+1 = R − 1

R
ζt+1, (8)

which means that the change in consumption depends neither on the past history of labor income nor on anticipated
changes in labor income.

Following Sims (2003), RI can be incorporated into the above univariate PIH framework as follows. Suppose
that the typical consumer maximizing his lifetime utility function is subject to both usual budget constraints and
information processing constraints that will be specified later in this paper. The typical consumer’s optimizing problem
under RI can be written as

v̂(ŝ0) = max
{Ct ,Dt }

E0

[ ∞∑
t=0

βtu(ct )

]
(9)

subject to

st+1 = R(st − ct ) + ζt+1,

st+1|It+1 ∼ Dt+1, st |It ∼ Dt ,

s0|I0 ∼ N(ŝ0, σ
2
0 ) is given, and the requirement that the rate of information flow at t + 1 implicit in the specification

of the distributions, Dt and Dt+1, be less than channel capacity.9 st is the actual state variable, ŝt = E[st |It ] is the
perceived state variable, It is the information available at time t , and v̂(ŝ0) is the consumer’s value function under RI.
The expectation is formed under the assumption that {ct }∞t=0 are chosen under the information processing constraints.

2.2. Information processing constraints

The consumer faces information processing constraints in the sense that he only uses finite channel capacity to
observe the relevant state. As in Sims (2003), I also use the concept of entropy from information theory to measure the
uncertainty about a random variable and then use the reduction in entropy as a measure for information flow.10 With
finite capacity, the consumer will choose a signal that reduces the uncertainty of the state variable. Formally, this idea
can be described by the following information processing constraint:

H(st+1|It ) −H(st+1|It+1)� κ, (10)

where κ is the consumer’s channel capacity that imposes an upper bound on the amount of information that can be
transmitted via the channel,11 H(st+1|It ) denotes the entropy of the state prior to observing the new signal at t + 1,
and H(st+1|It+1) the entropy after observing the new signal.

Given the LQG specification, Sims (2003, 2005) showed that Dt is a normal distribution with N(ŝt , σ
2
t ), where

ŝt = Et [st ] and σ 2
t = vart [st ] are the conditional mean and variance of the state variable, st , respectively. Note that in

models with imperfect observations, the optimal decisions are determined by the perceived state, rather than the actual
state. A difficulty arises because the perceived state is defined as the distribution of the state variable conditional on the
information set available at time t , It , which leads to a substantial increase in dimensionality when we use dynamic
programming to characterize the optimization problem. Fortunately, given the LQG specification and the Gaussian
distribution of st , the first two moments, ŝt and σ 2

t , are enough to characterize the perceived state. In addition, as I
will show, the problem would be even simpler because σ 2

t converges to a constant in the steady state.
The constraint, (10), can thus be rewritten as

log
∣∣ψ2

t

∣∣ − log
∣∣σ 2

t+1

∣∣ � 2κ, (11)

9 They will be precisely specified subsequently.
10 See Shannon (1948) and Cover and Thomas (1991) for details.
11 It may be regarded as a simple technology parameter. If the base for logarithms is 2, the unit used to measure information flow is called ‘bits,’
and if we use the natural logarithm e, the unit is called ‘nats’. Hence, 1 nat is equal to log2 e = 1.433 bits.
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where σ 2
t+1 = vart+1[st+1] and ψ2

t = vart [st+1] = R2σ 2
t + vart [ζt+1] are the posterior and prior variance of the state

variable, st+1, respectively.12 As shown in Sims (2003), in any univariate case, this information constraint completes
the characterization of the optimization problem with RI and the model can be solved explicitly. Furthermore, with
a finite capacity κ the optimizing consumer will choose a signal that reduces the conditional variance of st+1 by a
limited amount. Hence, (11) must be binding for the optimizing consumer:

log
∣∣ψ2

t

∣∣ − log
∣∣σ 2

t+1

∣∣ = 2κ. (12)

It is straightforward to show that in the univariate case Eq. (12) has a steady state σ 2. In the steady state, σ 2
t = σ 2 =

( R
R−1 )2ω2

ζ

exp(2κ)−R2 where ω2
ζ = vart [ζt+1], and the consumer behaves as if he is observing a noisy signal, s∗

t+1 = st+1 + ξt+1,

where ξt+1 is the i.i.d. endogenous noise and its variance, λ2
t = vart [ξt+1], is determined by the usual updating formula

of the variance of a Gaussian distribution:

σ 2
t+1 = ψ2

t − ψ2
t (ψ2

t + λ2
t )

−1ψ2
t , (13)

which means that in the steady state, λ2
t = λ2 = vart [ξt+1] = [( R

R−1 )2ω2
ζ +R2σ 2]σ 2

( R
R−1 )2ω2

ζ +(R2−1)σ 2 . For simplicity, I assume that initially

the model economy has been at the steady state, that is, s0|I0 ∼ N(ŝ0, σ
2).

2.3. A closed-form solution of consumption for general income processes

In this subsection, I close the model economy by specifying the income processes. Given the specified income
processes, I will derive explicit representations for both optimal consumption and consumption growth in terms of
income innovations and endogenous noises. I then explore some implications of RI for the joint dynamics of con-
sumption and income and the smoothness of consumption.

Following Hall and Mashkin (1982), Deaton (1992), Ludvigson and Michaelides (2001), and others, I suppose that
income yt can be expressed as the sum of permanent and transitory components:

yt+1 = y
p

t+1 + yt
t+1, (14)

where the superscripts p and t denote permanent and transitory, respectively. Each of these components follows its
own stochastic process; y

p
t follows a random walk:

y
p

t+1 = y
p
t + εt+1, (15)

and the transitory component follows a stationary MA process:

yt
t+1 = y +

M∑
j=0

φjηt+1−j , (16)

with φ0 = 1. Note that when income follows a general stationary ARMA process, it can be converted to its MA
representation. Hence, when M = ∞, the specification (16) can be used to characterize arbitrary stationary ARMA
processes. In addition, it is assumed that the consumer can separately identify the two components so that consumption
can respond to each of them. All innovations are assumed to have zero mean, be uncorrelated over time and with each
other, and the variance of εt and ηt are ω2

ε and ω2
η, respectively.

Substituting the specified income processes, (14), (15), and (16), into (4) and (7) yields

st = wt + 1

R − 1
y

p
t +

M−1∑
i=0

(
M∑

j=i+1

R−(j−i)φj

)
ηt−i + 1

R − 1
y, (17)

ζt = R

R − 1
εt +

M∑
j=0

(
R−jφj

)
ηt , (18)

12 Note that here I use the fact that the entropy of a Gaussian random variable is equal to half of its logarithm variance plus some constant term.
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where ω2
ζ = ( R

R−1 )2ω2
ε + (

∑M
j=0 R−2j φ2

j )ω2
η.

Formally, the consumption function and the value function under RI can be obtained by solving the following
stochastic Bellman equation

v̂(ŝt ) = max
ct

{
−1

2
(ct − c)2 + βEt

[
v̂
(
ŝt+1

)]}
(19)

subject to the usual budget constraint, (6), and the Kalman filter equation,

ŝt+1 = (1 − θ)R
(
ŝt − ct

) + θ(st+1 + ξt+1), (20)

where s0|I0 ∼ N(ŝ0, σ
2), ŝt = Et [st ] is the perceived state variable, θ is the optimal weight on the observation,13 and

ξt+1 is the endogenous noise. The following proposition summarizes the main results of the above PIH model with RI.

Proposition 1. Given finite channel capacity κ , the value function is

v̂
(
ŝt

) = −R − 1

2R
ŝ2
t + cŝt − R

2(R − 1)
c2 − vart [�t+1]

2R
, (21)

where �t+1 = θ [( ζt+1
1−(1−θ)R·L) + (ξt+1 − θRξt

1−(1−θ)R·L)], the consumption function is

c∗
t = R − 1

R
ŝt , (22)

and the evolution of ŝt is characterized by the following Kalman filter equation:
ŝt+1 = (1 − θ)ŝt + θ(st+1 + ξt+1), (23)

where θ = 1 − 1/ exp(2κ) and the variance of ξt+1, var[ξt+1], is 1−θ

θ[1−R2(1−θ)]ω
2
ζ .

Furthermore, the change in consumption can be written as:

�c∗
t = θ

R − 1

R

[(
ζt

1 − (1 − θ)R · L
)

+
(

ξt − θRξt−1

1 − (1 − θ)R · L
)]

, (24)

where L is the lag operator.

Proof. See Appendix A.2. �
Note that the weight on the observation, θ , is an increasing function of channel capacity, κ , and can be used

to measure how much uncertainty can be removed after observing the new signal. It increases to 100% as κ gets
infinitely-large, so the standard RE PIH model is a special case of the RI PIH model in which κ = +∞. Equations (6),
(14), (22), and (23) constitute a dynamic system that can characterize the RI economy completely. In the next subsec-
tion, I will use several particular income processes to examine how the interaction of RI and the stochastic properties
of income processes affects the responses of consumption with respect to the disturbances.

Equation (24) shows that the growth of consumption includes an MA(∞) process in terms of income shocks
with decreasing coefficients, which means that consumption adjusts slowly and gradually to income shocks, with
reactions that build up over time. Furthermore, consumption also reacts to its own shocks, that is, the endogenous
noises, instantaneously. It thus implies that consumption should be sensitive to both current and past income shocks,
as well as endogenous noises. Note that when θ = 100%, i.e., κ = ∞, the above expression reduces to the standard
RE solution, �ct = R−1

R
ζt , which means that the change in consumption is not sensitive to past income shocks and

jumps immediately in response to income shocks.
Equation (24) also makes it clear that the short-run (SR) and long-run (LR) impacts of the income disturbances

on consumption can be disentangled by RI. Formally, the short-run and long-run responses of consumption to the
permanent and transitory shocks are:

13 Hence, θ measures how much uncertainty can be removed upon the receipt of a new signal, and is independent of the patience of the consumer
and the variance of the income shocks.
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SR(εt ) = ∂(�c∗
t )

∂εt

= θ and LR(εt ) = ∂(
∑∞

s=0 �c∗
t+s)

∂εt

= θ

1 − (1 − θ)R
,

SR(ηt ) = ∂(�c∗
t )

∂ηt

= θ

M∑
j=0

R−jφj and LR(ηt ) = ∂(
∑∞

s=0 �c∗
t+s)

∂ηt

= θ

1 − (1 − θ)R

M∑
j=0

R−jφj ,

respectively, which means that the degree of inattention (low κ or low θ ) reduces the short-run effects of consumption
to the permanent and transitory income shocks, while it increases the long-run effects of the same shocks. The interest
rate R also increases the long-run effect of income shocks; the higher the interest rate, the larger the long-run effect.14

Note that when κ = ∞ (i.e., θ = 100%), the two effects are the same. RI thus provides an endogenous mechanism to
propagate the exogenous shocks.

If we regard this typical consumer as the representative agent, we can examine the implications of RI on aggregate
consumption directly from Eq. (24). The standard RE PIH model predicts that aggregate consumption is not sensitive
to lagged income information and is more volatile than aggregate income if income is a random walk or a difference-
stationary process, which does not fit the US aggregate data well.15 Given Eq. (24), it is straightforward to calculate
the smoothness ratio (i.e., the relative volatility of consumption to income) under RI:16

μ = sd[�c∗
t ]

sd[εt ] =
√

θ

1 − (1 − θ)R2
� 1, (25)

where “sd” denotes standard deviation and θ is assumed to be greater than 1 − 1
R2 to guarantee feasible solutions.

Because ∂μ
∂θ

is less than 0, RI increases the relative volatility of consumption in this single-agent case. The intuition
is that imperfectly observing the state variable leads to a reduced ability to smooth consumption, similar to the results
in Luo and Young (2006). In Section 3, I will discuss the aggregation issue and its implications for the smoothness of
aggregate consumption.

As in Campbell (1987), we may also easily examine the predictions of the PIH model with RI for the behavior of
saving. Saving dt under RI is defined as (R−1

R
wt + 1

R
yt ) − c∗

t and can be rewritten as17

dt = −
∞∑

j=1

R−jEt [�yt+j ] + R − 1

R

[
(1 − θ)ζt

1 − (1 − θ)R · L − θξt

1 − (1 − θ)R · L
]
, (26)

in which the first part of Eq. (26) is the amount of saving due to expected income falls, as predicted by the standard
RE PIH model, whereas the second part is the amount of saving caused by RI. Specifically, introducing RI generates a
stochastic saving premium that consists of two MA(∞) processes. For example, when positive income shocks arrive
at the beginning of period t , the consumer cannot adjust his optimal consumption plan instantly and completely due
to the information constraints; consequently, the share of undetected income shocks becomes saving in that period.
Hence, the RI saving premium is larger for a higher degree of inattention (lower θ), ceteris paribus. It is also obvious
that a positive increase in the error tends to reduce the RI saving premium, and both lagged income shocks and noises
still have effects on the current savings.

It is worth noting that when βR > 1 (that is, the net interest rate, r = R − 1, is greater than the discount rate,
δ = (1 −β)/β), RI has larger impacts on consumption. Specifically, when βR > 1, consumption growth under RI can
be written as18:

�c∗
t = θ

(
1 − 1

βR2

)⎧⎪⎨
⎪⎩

∑∞
j=0[

∑
k=0,k�j (ρ

j−k

1 ρk
2 ) − ∑

k=0,k�j−1(ρ
j−1−k

1 ρk
2)]ζt−j

+ ∑∞
j=0[

∑
k=0,k�j (ρ

j−k

1 ρk
2 ) − ∑

k=0,k�j−1(ρ
j−1−k

1 ρk
2)]ξt−j

− R
∑∞

j=0[
∑

k=0,k�j (ρ
j−k

1 ρk
2 ) − ∑

k=0,k�j−1(ρ
j−1−k

1 ρk
2)]ξt−1−j

⎫⎪⎬
⎪⎭ , (27)

14 Note that since βR = 1, an increase in R also implies a corresponding reduction in β .
15 They are called the excess sensitivity puzzle and the excess smoothness puzzle, respectively. See Deaton (1992) for a recent review on these
issues.
16 See Appendix A.3 for the derivation. For simplicity, here I ignore the transitory component yt .
17 We can easily derive this expression by combining (3), (22), and the fact that c∗

t = ct − (ct − c∗
t ).

18 The derivation is available from the author.
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Fig. 1. Responses of consumption to income shock, ε.

where ρ1 = 1
βR

∈ (0,1) and ρ2 = (1−θ)R ∈ (0,1). Figure 1 compares the responses of consumption to the permanent
income shock (εt ) in the two cases. It clearly shows that qualitatively, RI has similar impacts on consumption in the
two cases19; but quantitatively, RI has larger impacts on consumption when βR > 1, because the deviation of the
asymptote from that for the standard RE case is larger in this case. The reason is that with higher interest rates relative
to impatience (for example, increasing R and holding β constant), an income shock that initially undetected would
accumulate more interest before consumption responds fully.

2.4. Applications to some particular income processes

In the above subsection, I solved an RI version of the PIH model with general income processes. In this subsection,
I will work through some particular income processes to examine how RI affects optimal consumption decisions and
the impulse responses of consumption with respect to the innovations to income.

Given the specified income processes, (14), (15), and (16), consider the following three particular cases20:

Case 1. Suppose that yt
t+1 follows an AR(1) process: yt

t+1 = y +ρ(yt
t − y)+ ηt+1 with ρ ∈ (0,1), which implies that

yt
t+1 = y +

∞∑
j=0

ρjηt+1−j . (28)

In this case, the new state variable st = wt + 1
R−1y

p
t + ρ

R−ρ
yt
t and the innovation to permanent ζt = R

R−1εt + R
R−ρ

ηt .21

Thus, the short-run and long-run effects of transitory income shocks on consumption are

SR(ηt ) = θ
R − 1

R − ρ
and LR(ηt ) = θ

1 − (1 − θ)R

R − 1

R − ρ
,

19 That is, consumption reacts gradually to income shocks, with steady adjustments to the corresponding asymptote.
20 Note that if there is no permanent component and yt

t+1 = y + ηt+1 (i.e., M = 0), the model reduces to the model with i.i.d. income process
discussed in Sims (2003).
21 For simplicity, here I ignore the constant term, 1

R−1 y, in st .
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Fig. 2. Responses of consumption to income shocks and noises.

which means that the persistence in the income process (ρ > 0) increases both the short-run and long-run responses
to the disturbances, but it does not change the propagation mechanism induced by RI.22 Figure 2 shows the responses
of consumption to ηt+1 with ρ = 0.3 and θ = 55%, 75%, and 100% (that is, κ = 0.6 bits, 1 bit, ∞ bits, respec-
tively). Apparently, the responses of consumption are slow and gradually reach a flat asymptote as θ increases to
100%.23 The figure also illustrates that consumption reacts to the endogenous noise, ξt , more quickly. Furthermore,
given θ = 63%, Fig. 3 plots the impulse responses to income innovations for different values of ρ. It shows that the
higher the persistence coefficient ρ, the larger the impacts of the income shocks on consumption. It is worth noting
that 1 bit of information transmitted is a very low number and is well below the total information-processing ability
of human beings.24 However, it is not implausible for ordinary consumers because they also face many other com-
peting demands on capacity. Furthermore, low channel capacity devoted to processing available information can be
rationalized because the welfare improvement from increasing capacity is tiny.25

Case 2. Assume that the transitory component follows an MA(2) process26:

yt
t+1 = y + ηt+1 + φ1ηt + φ2ηt−1. (29)

In this case, st = wt + 1
R−1y

p
t + (

φ1
R

+ φ2
R2 )ηt + φ2

R
ηt−1 and ζt = R

R−1εt + (1 + φ1
R

+ φ2
R2 )ηt . Thus, the short-run and

long-run effects of transitory income shocks on consumption can be written as

SR(ηt ) = θH

(
1 + φ1

R
+ φ2

R2

)
and LR(ηt ) = θ

1 − (1 − θ)R
H

(
1 + φ1

R
+ φ2

R2

)
,

22 Note that when ρ = 0, it reduces to the i.i.d. case in Sims (2003).
23 This flat asymptote is above the horizontal line representing the responses in the PIH model without RI. The intuition behind this result is
that consumption initially does not react fully to income shocks and thus the share of undetected income shocks goes to savings and accumulates
interest before the consumer fully digests the shocks.
24 Landauer at Bell estimated that human beings remembered about 2 bits per second under all the experimental conditions (visual, verbal, musical,
or whatever).
25 In the next subsection, I show that the welfare losses due to RI are trivial for plausible parameter values.
26 Hall and Mashkin (1982) used the PSID data to estimate the joint dynamics of consumption and income and found that transitory income can
be characterized quite well by an MA(2) process with positive coefficients, 0.294 and 0.114.
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Fig. 3. Responses of consumption to income shocks in Case 1 when θ = 63%.

where H = R−1
R

. As in Case 1, the persistence in the income process (φ1, φ2 > 0) also increases both the short-run
and long-run responses to the disturbances proportionally, but it does not change the propagation mechanism of the
model. Given Eq. (24), it is apparent that with finite capacity, consumption reacts to income shocks gradually and the
higher the weights on the lagged innovation, φ1 and φ2, the larger the impact of the income shocks on consumption.

Case 3. Suppose that income process follows a difference-stationary process, that is,

yt+1 − yt = ρ(yt − yt−1) + ηt+1, (30)

where ρ ∈ (0,1).27 In this case, st = wt + R+(R−1)ρ
(R−1)(R−ρ)

yt − ρR
(R−1)(R−ρ)

yt − 1 and ζt = R2

(R−1)(R−ρ)
ηt . The short-run

and long-run effects of income shocks are

SR(ηt ) = θ
R

R − ρ
and LR(ηt ) = θ

1 − (1 − θ)R

R

R − ρ
. (31)

Note that in this case the amplification coefficient R2

(R−1)(R−ρ)
can be rewritten as R

R−1
R

R−ρ
, which means that the

effects of RI on consumption measured by the short-run and long-run impacts can be further amplified compared to
the above unit root or AR(1) cases.

2.5. Welfare implications of information processing constraints

We may examine the welfare effects of income fluctuations under RI by calculating how much utility the consumer
will lose if the actual consumption path under RI deviates from the first-best consumption path under RE. Following
the literature, the value functions are used to measure individuals’ intertemporal welfare. Because information con-
straints cannot help in individuals’ optimization, the average welfare difference between the two economies should be
greater than 0. Specifically, I will measure the loss by computing the reduction of welfare in a steady state measured
by a money metric.

Following Cochrane (1989), Pischke (1995), and others, I use a money metric to measure the welfare cost of
deviating from the first-best RE solution. The levels of the expected lifetime utility, v(st ) and v̂(ŝt ), can be easily

27 For simplicity, here I ignore the transitory component in the income process and focus on this non-stationary component.
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Table 1
Utility losses due to RI ($/quarter)

γ = 1 γ = 4 γ = 10

θ = 10% 0.4789 1.9158 4.7894
θ = 30% 0.1067 0.4268 1.0671
θ = 50% 0.0445 0.1779 0.4448
θ = 70% 0.0188 0.0754 0.1884
θ = 90% 0.0049 0.0194 0.0486

Note. The parameters are set as follows: y = $6929, R = 1.01 (β = 0.99), and ω2
ζ = $2470.

Table 2
Utility losses due to RI ($/quarter)

R = 1.01 R = 1.015 R = 1.02

θ = 10% 0.4789 1.2065 2.4415
θ = 30% 0.1067 0.2450 0.4448
θ = 50% 0.0445 0.1006 0.1799
θ = 70% 0.0188 0.0424 0.0753
θ = 90% 0.0049 0.0109 0.0193

Note. I set β = 0.99 and γ = 1 in the case of βR > 1.

derived by using different decision rules, and then we get the expected welfare losses as E[�v] = E[v(st ) − v̂(ŝt )].
Dividing E[�v] by the marginal utility of a dollar at time t and converting it to dollars per quarter gives:

$ Loss/quarter = R − 1

R

E[�v]
u′(y)

= 1

2

(
R − 1

R

)2
γ

y

[
(R + 1)σ 2 + (

var
[
ŝt

] − var[st ]
)]

, (32)

where y is the mean income, and γ is the local coefficient of relative risk aversion and equals to y
c−y

for the utility
function u(y). Using the quarterly data 1954–1990 provided in Pischke (1995, p. 830), I set the parameters as follows:
y = $6929, ωζ = $2470, and R = 1.01. Using Expression (32), Table 1 reports utility costs for several values of the
local CRRA γ and the optimal weight on observations θ (Note that it increases to 1 as κ gets infinitely-large).28

It is clear from Table 1 that the welfare losses due to RI are trivial. For example, for γ = 4 and θ = 50% (that
is, 50% of the uncertainty is removed upon the receipt of a new signal; another way to measure this value is to note
that it implies that the consumer processes κ = 0.5 bits of the information about the state variable per quarter),29

the loss only amounts to 18 cents per quarter. This result is similar to the findings by Pischke (1995) who calculated
utility losses in the no-aggregate-information model.30 Furthermore, even for a high value of the CRRA, γ = 10, and
a low channel capacity (θ = 30%, i.e., κ = 0.26 bits), the welfare loss is still minor: only around $1.1 per quarter.
One explanation is that optimal consumption functions under RI and RE have very similar volatilities, even when κ is
small.31 Based on the above calculations, we can conclude that for plausible assumptions, the welfare losses due to RI
are not significant.32 This provides some evidence that it is reasonable for consumers to devote low channel capacity
to observing and processing information because the welfare improvement from adopting the first-best decision rule is
trivial. In other words, although consumers can devote much more capacity to processing economic information and
then improve their optimal consumption decisions, it is rational for them to not do so because the welfare improvement
is tiny.

28 Allowing βR > 1 does increase the welfare loss due to RI, but the welfare effect is still not significant. Table 2 reports the welfare losses due to
RI in this case. For example, when θ = 50%, β = 0.99, and R = 1.02, the welfare loss due to RI is $0.18 that is still well below $1.
29 While the value of θ or κ is low, it is not impossible because some consumers may have little knowledge about their income and wealth levels.
30 He found that in most cases the utility losses due to no information about aggregate shock to income are less than $1 per quarter.
31 Luo and Young (2006) found similar results in a stochastic growth model with RI.
32 This conclusion is also consistent with that in Cochrane (1989), Pischke (1995), and others.
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3. Implications for aggregate consumption

In Section 2, I derived the consumption function and the expression of the change in consumption for a single
consumer under RI. We may regard this consumer as the representative agent and then obtain the implications of RI
for aggregate consumption directly without aggregation. However, the RI theory implies that the endogenous noise
generated via the individual’s own internal channel is partially idiosyncratic and therefore aggregation might play an
important role in affecting the dynamics of aggregate consumption.

To investigate the effects of aggregation, for simplicity, suppose that all consumers in the model economy have
identical degrees of RI, and both permanent and transitory components in the income process can be decomposed into
a common aggregate effect and an idiosyncratic effect33:

εt+1 = εa
t+1 + εi

t+1 and yt
t+1 = y + ηa

t+1 + ηi
t+1, (33)

where the superscripts a and i denote aggregate and idiosyncratic, respectively. In this case, the expression of the
change in individual consumption with RI is:

�c
i,∗
t = θH

[(
ζ i
t

1 − (1 − θ)R · L
)

+
(

ξ i
t − θRξ i

t−1

1 − (1 − θ)R · L
)]

, (34)

where H = R−1
R

, ζ i
t = R

R−1 (εa
t + εi

t ) + (ηa
t + ηi

t ), εa
t , εi

t , ηa
t , and ηi

t follow the distributions N(0,ω2
a), N(0,ω2

i ),

N(0, ν2
a), and N(0, ν2

i ), respectively, and ξ i
t is the idiosyncratic error.

Aggregating across all consumers yields the expression of the change in aggregate consumption:

�C∗
t = θH

[(
εa
t /H + ηa

t

1 − (1 − θ)R · L
)

+
(

Ei
[
ξ i
t

] − θREi[ξ i
t−1]

1 − (1 − θ)R · L
)]

, (35)

where Ei(·) denotes the population average in that period. Because consumers can distinguish aggregate from idio-
syncratic shocks, their contributions to the idiosyncratic error can also be separated. The idiosyncratic error caused
by the idiosyncratic income shocks (εi

t and ηi
t ) is truly idiosyncratic and thus must be canceled out after aggregation.

However, aggregating the idiosyncratic errors caused by the aggregate income shocks (εa
t and ηa

t ) is tricky. As argued
in Sims (2003), although the randomness in an individual’s response to aggregate shocks should also be idiosyncratic
because it arises from his own internal information-processing constraint, a considerable part of the idiosyncratic error
is common across individuals. The intuition is that people’s needs for coding macroeconomic information efficiently
are similar, so they rely on common sources of coded information. However, the existing theory does not provide a
way to determine the common part included in the idiosyncratic error. We only know that the common term of the
idiosyncratic error, Ei[ξ i

t ], is between 0 and the part of the idiosyncratic error, ξa
t , caused by the aggregate income

shocks εa
t and ηa

t , and the variance of ξa
t is

var
[
ξa
t

] = 1 − θ

θ [1 − (1 − θ)R2]
[(

R

R − 1

)2

ω2
a + ν2

a

]
. (36)

Formally, I assume that ξa
t consists of two independent noises: ξa

t = υc
t + υi

t , where υc
t and υi

t are the common
and idiosyncratic components of the error generated by the aggregate shock, respectively. Hence,

Ei
[
ξ i
t

] = υc
t . (37)

A parameter λ = var[υc
t ]

var[ξa
t ] ∈ [0,1] can be used to measure the common source of coded information on the aggregate

component (or the relative importance of υc
t to ξa

t ). The excess smoothness ratio in terms of θ and λ can be written
as34

μ = sd[�C∗
t ]

sd[εa
t ] =

√
θ2

1 − ((1 − θ)R)2
+ λ2

[
θ

1 − (1 − θ)R2
− θ2

1 − ((1 − θ)R)2

]
. (38)

33 For simplicity, here I assume that the stationary component in the income process is i.i.d.
34 See Appendix A.5 for the derivation.
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Fig. 4. The excess smoothness of aggregate consumption.

Note that the assumption of λ = 0 is equivalent to assume that individuals do not interact with each other directly
or indirectly via conversation, imitation, newspapers, or other media. In this case, the excess smoothness ratio μ =√

θ2

1−((1−θ)R)2 . By contrast, the assumption of λ = 1 (it is just the single-agent case discussed in Section 2) means

that people’s needs for information coding are exactly the same and they completely rely on the common source of

coded information. In this case, μ =
√

θ

1−(1−θ)R2 . Hence, given the value of θ , the smoothness ratio of aggregate

consumption, μ, should be between a lower bound reached when λ = 0 and an upper bound reached when λ = 1:

μ ∈ [
√

θ2

1−((1−θ)R)2 ,
√

θ

1−(1−θ)R2 ].35 Figure 4 illustrates the relationship between the smoothness ratio (μ) and the

combination of (θ, λ). The figure clearly shows that some combinations of (θ, λ) can generate the smoothness ratio
that is well below 1.36 For example, if θ = 50% and λ = 0.1, the model predicts that μ = 0.58, which is close to
its empirical counterpart in US data (around 0.5). Hence, RI might provide an alternative explanation to the two
consumption excesses in this RI model with a continuum of individuals because in the presence of RI aggregate
consumption reacts to aggregate income shocks gradually and the excess smoothness ratio is less than 1 for some
combinations of (θ, λ).

4. Comparison of consumption behavior under alternative hypotheses

Sims (2003) compared the RI theory with other information-related theories: the information delay theory and the
signal extraction theory, and argued that they have different implications for the effects of changes in policy on the
dynamic properties of the economy. In this section, I first derive the mapping from the specified income process to the
joint stochastic process of consumption and income for each alternative hypothesis within the PIH framework, and
then discuss how the models differ in their empirical content as summarized by the mapping.

35 For simplicity, here I ignore the transitory aggregate component because the permanent aggregate component dominates in the US data.
36 In the RE version of the PIH model (i.e., θ = 100%), μ = 1, that is, aggregate consumption should have the same volatility as aggregate income,
the very opposite of the stylized fact that aggregate consumption is much smoother than income.
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4.1. Habit formation

Habit formation (HF) has been modeled directly as a structure of preferences in which psychological factors make
consumers prefer to gradual adjustment in consumption, thereby consumption volatility is more painful than it would
be in the absence of habits. Consider a simple PIH model with internal and additive habit formation, in which higher
consumption in last period creates a habit that lowers utility in this period. Specifically, the typical consumer with HF
has the utility u(c̃t ) = c̃t − 1

2 c̃2
t , where c̃t = ct − γ ct−1 and γ is the parameter governing the habit. In this model,

optimizing consumers take into account the effects of their current consumption on their future reference stock. Given
the same budget constraint and stochastic processes for income yt specified in Section 2, the change in individual
consumption can be written as follows

�ct =
(

1 − γ

R

)
εt + Hηt

1 − γ · L, (39)

where H = R−1
R

.
Comparing Eq. (39) with Eq. (24), it is apparent that the two models generate different mappings from stochastic

processes for yt into the joint stochastic processes for (ct , yt ). Specifically, individual consumption under RI reacts
not only to income shocks but also to its own endogenous noises induced by finite capacity. The endogenous noise can
be regarded as a type of “consumption shock” or “demand shock.” Let’s consider a special case in which 1 − θ = γ

R
.

In this case, Eqs. (24) and (39) show that although the two models have the same pattern of the optimal consumption
response to income shocks, consumption growth under RI is more volatile than that under HF because the noise terms
due to RI also contribute to the relative volatility of consumption.37

However, the effects of HF and RI on aggregate consumption could be similar because aggregating across all
individuals would weaken or even eliminate the impacts of the endogenous noises on consumption growth. Indeed, as
discussed in Section 3, if all consumers are completely isolated (that is, there is no communication among them), and
1 − θ = γ

R
, the two models can generate the same joint dynamics of aggregate consumption and income.

HF implies that slow adjustment in consumption is optimal because consumers are assumed to prefer to smooth
not only consumption but also consumption growth, while RI predicts that slow adjustment in consumption is optimal
because capacity constraints make consumers take more time to acquire and process information. In other words,
RI provides a non-psychological explanation for slow adjustment in consumption that is caused by information-
processing constraints rather than a direct assumption of the structure of preferences. Hence, although these two
models have distinct mechanisms for slow consumption adjustment, they are observationally equivalent in terms of
the joint behavior of aggregate consumption and income under some restrictions. Finally, it is worth noting that HF
could affect consumption decisions both in the case without uncertainty and that with uncertainty, whereas RI affects
consumption through its interaction with the fundamental uncertainty and it has no impact on consumption in the
absence of uncertainty.

4.2. Incomplete information and signal extraction

Consider a simple signal extraction (SE) version of the PIH model presented in Section 2.1, in which consumers
only observe the total income process but have no way to separate different components in the income processes
specified by (14), (15), and (16). Hence, in first differences, �yt = εt + ηt − ηt−1. The best that consumers can do is
to recognize that the first difference of income is an MA(1) process

�yt = ut − μut−1, (40)

where μ is determined by the relative variances of the transitory and permanent income shocks and 1−μ measures the
persistent effects of the compound shock ut on income.38 Hence, the case of μ = 0 corresponds only to the permanent

37 Note that when the uncertainty due to fundamental income shocks reduces, the volatility of noises will be reduced accordingly and then the
properties of the dynamics of individual consumption in the two models become more and more similar if 1 − θ = γ

R
.

38 Note that μ = −(1 −
√

1 − 4ϕ2)/2ϕ, where ϕ = −ω2
η/(ω2

ε + 2ω2
η).
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shock, whereas μ = 1 corresponds only to the transitory shock. The expression for the change in consumption can
thus be written as

�ct =
(

1 − μ

R

)
ut =

(
1 − μ

R

)
�yt

1 − μ · L, (41)

where �yt = εt +ηt −ηt−1. In this model the parameter μ determines the degree of slow adjustment in consumption.
Similarly, compared with Eq. (24), Eq. (41) shows that although SE also leads to slow adjustment in consumption, it
does not generate endogenous noises.

As shown in Pischke (1995), if εt is the aggregate shock and ηt is the idiosyncratic shock, all the idiosyncratic
components would be canceled out after aggregating across all consumers, thereby generating an AR(1) process of
the change in aggregate consumption. The intuition is that aggregate consumption reacts only gradually to aggregate
income because aggregate shocks are more persistent and are only partially observed. Hence, aggregation under this
type of incomplete information has an effect that is very close to the effect of RI under some restrictions or the effect
of HF.

It is worth emphasizing that if RI can be modeled endogenously by assuming that individuals are allowed to
choose to allocate the amount of attention among different elements in the state vector, it would be optimal for them
to devote low attention to monitoring the aggregate component because aggregate component is less important for
individuals’ optimal decisions.39 Hence, RI has a potential to endogenize the ignorance of aggregate information
included in individual income processes and thus could provide a micro-foundation for slow adjustment in aggregate
consumption due to the exogenous incomplete information.

4.3. Model misspecification and robustness

Robust control emerged in the engineering literature in the 1970s, and was introduced into economics and further
developed by Hansen, Sargent, and others. A simple version of robust optimal control considers such a question: How
to make decisions when the agent does not know the probability model that generates the data? The agent with the
preference for robustness considers a range of models, and makes decisions that maximize utility given the worst
possible model. Following Hansen and Sargent (2005), the robust consumer’ optimization problem within the PIH
framework can be written as

v(st ) = max
ct

min
wt

{
−1

2
(ct − c)2 + β

[
ϑw2

t + Et

[
v(st+1)

]]}
(42)

subject to

st+1 = R(st − ct ) + (ζt+1 + wt), (43)

where wt distorts the mean of the innovation and ϑ > 0 controls how bad the error can be. Solving this problem gives
the change in consumption40

�ct = R − 1

R − ω2
ζ /(2ϑ)

[
−ω2

ζ

2ϑ
ct−1 +

(
R

R − 1
εt + ηt

)]
, (44)

Equation (44) shows that robustness raises the sensitivity of changes in consumption to unanticipated changes in
income ζt because ϑ > 0 and then R−1

R−ω2
ζ /(2ϑ)

> R−1
R

. This type of excess sensitivity is referred to as “making hay while

the sun shines” in the literature and it does not occur in the standard RE model, the RI model, the HF model, or the
SE model. In addition, consumption growth under robustness also depends on lagged information (past consumption)

39 Maćkowiak and Wiederholt (2005) formally examined how attention allocation affects firms’ pricing decisions and showed that firms allocate
less attention in processing aggregate information. However, the problem of attention allocation would be more complicated in the multivariate
PIH model than in the firm’s pricing model because in the PIH model with RI the consumers need to track both the endogenous state variable
(individual wealth) and the exogenous state variable (the persistent income process) and thus an additional nonlinear “no subsidization” constraint
that complicates the model greatly need to be imposed to address how to allocate attention across these variables.
40 When ϑ approaches infinity, the robust solution reduces to the standard RE solution. The detailed derivations for the consumption function and
the change in consumption under robustness are available from the author by request.
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and the effect of past consumption disappears as ϑ approaches infinity. Equation (44) also clearly shows that the
relative volatility of consumption to income increases as the degree of robustness (ϑ) increases. After summing over
all consumers, the joint behavior of aggregate consumption and income under robustness has the same structure
as that of individual consumption and income, which means that robustness reduces the smoothness of aggregate
consumption to aggregate income. Thus, robustness itself exaggerates the standard RE PIH model’s prediction for the
joint dynamics of aggregate consumption and income and therefore needs to combine with other assumptions such as
habit formation and adjustment costs to better explain the data in this aspect.

4.4. Costly planning and inattentiveness

In Reis’ costly planning and inattentiveness model, during the intervals of inattentiveness, consumption dynamics is
determined by the standard determinant consumer’s optimizing problem, whereas at the adjustment dates, consump-
tion is determined by the standard stochastic consumer problem. Reis showed that aggregate consumption growth
between two consecutive periods, t and t + 1, in the inattentiveness economy can be written as

�Ct+1 = constant + Φ(0)et+1 + Φ(1)et + · · · + Φ(I)et+1−I , (45)

where Φ(s) � Φ(s + 1) � 0 for s = 1,2, . . . , I , and {et } are mutually uncorrelated “news” unpredictable one period
ahead. Expression (45) reveals that aggregate consumption exhibits slow adjustment because “news” diffuses across
all individuals slowly. Hence, in the inattentiveness economy, individuals adjust consumption infrequently but com-
pletely once they choose to adjust, and all the sluggishness in aggregate consumption comes from aggregating across
all individuals. By contrast, individuals under RI adjust their optimal consumption plans frequently but incompletely,
and the sluggishness of aggregate consumption comes from individuals’ incomplete consumption adjustments.

5. Conclusions

In this paper, I proposed an analytical approach to solve an RI version of the PIH model with general income
processes and examined the effects of RI on optimal consumption decisions. I then worked through some specific
income processes to examine the short-run and long-run responses of consumption to various income shocks. In
addition, I analyzed welfare consequences due to RI and found that the welfare loss that results from deviating from
the consumption path under RE is tiny. By examining the implications of RI for aggregate consumption, I showed that
RI has a potential to resolve the twin consumption puzzles (the excess smoothness puzzle and the excess sensitivity
puzzle). Finally, I compared the RI model with four alternative models by examining their implications for the joint
dynamics of consumption and income.

Thus far, I have not considered costly attention and just set channel capacity κ exogenously. Because attention is a
scarce economic resource and there are many competing demands, it is natural to ask how to determine optimal chan-
nel capacity endogenously. An interesting direction for future research would be to model endogenous inattention and
examine its implications for optimal decisions. Second, since RI largely affects the optimal intertemporal allocation
of consumption, it is also worthwhile examining if incorporating RI into the heterogeneous-agent stochastic general
equilibrium models can help us answer some important questions in the literature. For example, can RI play a role in
shaping the skewed wealth distribution in the US? Can RI increase aggregate saving in general equilibrium? I leave
these interesting topics to future research.
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Appendix A

A.1. Defining a new state variable

Given that the consumption function is ct = R−1
R

(wt + ∑∞
j=1 R−jEt [yt+j ]), the original budget constraint (2) can

be rewritten as

wt+1 +
∞∑

j=1

R−jEt+1[yt+1+j ]

= R

(
wt +

∞∑
j=1

R−jEt [yt+j ] − ct

)
+ yt+1 +

∞∑
j=1

R−jEt+1[yt+1+j ] − R

∞∑
j=1

R−jEt [yt+j ]

= R

(
wt +

∞∑
j=1

R−jEt [yt+j ] − ct

)
+ ζt+1,

where the (t + 1)-innovation ζt+1 = ∑∞
j=t+1 R−j+(t+1)(Et+1 − Et)[yj ]. Denote st = wt + ∑∞

j=1 R−jEt [yt+j ], the
new budget constraint and the consumption function can be rewritten as

st+1 = R(st − ct ) + ζt+1 and ct = R − 1

R
st , (A.1)

respectively.

A.2. Proof of Proposition 1

A.2.1. Solving for the value function and the consumption function under RI
Under the LQG specification, the separation principle applies, that is, state estimation and optimal control can be

decoupled. See Whittle (1996) for a detailed discussion. In other words, we can just replace the actual state variable st
with the perceived state variable ŝt in Eq. (3) and then obtain Eq. (22). The following procedure includes detailed
derivations of the value function and the consumption function under RI.

First, conjecture that the value function takes the following quadratic form

v
(
ŝt

) = A0 + A1ŝt + A2ŝ
2
t , (A.2)

where A0,A1, and A2 are constants to be determined. Substituting Eqs. (6), (20), and (A.2) into the Bellman equation,
(19), yields

A0 + A1ŝt + A2ŝ
2
t = max

ct

{
−1

2
(ct − c)2 + βEt

[
A0 + A1ŝt+1 + A2ŝ

2
t+1

]}
. (A.3)

Second, performing the indicated optimization yields the following first-order condition

−(ct − c) − 2A2REt

[
ŝt − ct

] − A1 = 0,

which means that

ct = −2RA2

1 − 2RA2
ŝt + c − A1

1 − 2RA2
. (A.4)

Substituting Eqs. (6), (20), and (A.4), back into Eq. (A.3) to arrive at the following equation:

A0 + A1ŝt + A2ŝ
2
t

= −1

2

( −2RA2

1 − 2RA2
ŝt + c − A1

1 − 2RA2
− c

)2

+ βEt

[
A0 + A1ŝt+1 + A2ŝ

2
t+1

]

= −1
[( −2RA2

)2

ŝ2
t + 2

( −2RA2
)(

2RA2c − A1
)

ŝt +
(

2RA2c − A1
)2]
2 1 − 2RA2 1 − 2RA2 1 − 2RA2 1 − 2RA2
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+ βA0 + A1Et

[
1

1 − 2RA2
ŝt − c − A1

1 − 2RA2

]

+ βA2

{(
R

1 − 2RA2

)2

ŝ2
t + 2

1 − 2RA2

(
−R(c − A1)

1 − 2RA2

)
ŝt + var[�t+1] + R2

(
c − A1

1 − 2RA2

)2}
,

where �t+1 = θ [( ζt+1
1−(1−θ)R·L)+ (ξt+1 − θRξt

1−(1−θ)R·L)]. Third, collecting and matching terms, the constants turn out to
be

A2 = −R − 1

2R
, A1 = c, A0 = − R

2(R − 1)
c2 − var[�t+1]

2R
.

Substituting these back into Eqs. (A.2) and (A.4) yields the value function, (21), and the consumption function, (22),
of the text.

A.2.2. Deriving the expression of the change in consumption
The change in consumption can be derived by combining Eqs. (6), (22), with (23). First, the change in the effective

state �ŝt+1 can be written as

�ŝt+1 = θ
(
st+1 − ŝt

) + θξt+1 = θR
(
st − ŝt

) + θ
(
ζt+1 + ξt+1

)
.

Second, st − ŝt can be found as follows

st+1 − ŝt+1 = R
(
st − c∗

t

) + ζt+1 + y − (1 − θ)ŝt − θ(st+1 + ξt+1)

= (1 − θ)R
(
st − ŝt

) + (1 − θ)ζt+1 − θξt+1,

which means that st − ŝt = (1−θ)ζt−θξt

1−(1−θ)R·L , where L is the lag operator. Combining the expressions of �ŝt+1 and st − ŝt
gives

�ŝt+1 = θ

[
ζt+1

1 − (1 − θ)R · L +
(

ξt+1 − θRξt

1 − (1 − θ)R · L
)]

, (A.5)

from which the expression of the change in consumption can be obtained directly: �c∗
t = R−1

R
�ŝt . In addition, given

that θ = 1 − 1
exp(2κ)

and σ 2 = ω2
ε

exp(2κ)−R2 > 0, it is straightforward to prove that (1 − θ)R < 1.

A.3. The smoothness of individual consumption growth

Equation (24) implies that the variance of consumption growth

var[�c∗
t ] = θ2

[
1

1 − (R(1 − θ))2
ω2

ε + ω2
ξ + (θR)2

1 − (R(1 − θ))2
ω2

ξ

]

= θ2
[

1

1 − (R(1 − θ))2
+ 1 + R2(2θ − 1)

1 − (R(1 − θ))2

1

(1/(1 − θ) − R2)θ

]
ω2

ε

= θ

1 − R2(1 − θ)
ω2

ε ,

where I use the facts that ω2
ξ = var[ξt+1] = σ 2

θ
, σ 2 = ω2

ε

exp(2κ)−R2 , and θ = 1 − 1
exp(2κ)

.

A.4. The welfare effects of RI

A.4.1. Calculating var[st ] and var[ŝt ]
Equations (6) and (20) can be written in the following matrix form

A

[
st+1
ŝ

]
= B

[
st
ŝ

]
+

[
ζt+1
θξ

]
, (A.6)
t+1 t t+1
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where A =
[

1 0
−θ 1

]
and B =

[
R 1 − R

0 1 − θ

]
. Taking unconditional variances we find that

AΣsA
′ = BΣsB

′ +
[

ω2
ζ 0

0 θ2ω2
ξ

]
(A.7)

where

Σs =
[

var[s] covar[s, ŝ]
covar[s, ŝ] var[ŝ]

]
.

This expression is a standard discrete Lyapounov equation. Given the numerical values of R, θ , and ω2
ζ , it is straight-

forward to calculate Σs numerically.

A.4.2. Calculating the welfare loss due to RI
Given the value function under RI, v̂(ŝt ), derived in Appendix A.2 and the standard value function under RE,

v(st ) = −R − 1

2R
s2
t + cst − R

2(R − 1)
c2 − var[ζt+1]

2R
, (A.8)

where ζt+1 = R
R−1εt+1 + ηt+1, it is straightforward to show that the welfare loss due to RI can be written as

E[�v] = E
[
v(st ) − v̂

(
ŝt

)]
(A.9)

= −R − 1

2R

(
var[st ] − var

[
ŝt

]) − 1

2R

(
var[ζt+1] − var[�t+1]

)
(A.10)

= −R − 1

2R

(
var[st ] − var

[
ŝt

]) + 1

2R

(1 − θ)(R2 − 1)

1 − (1 − θ)R2
ω2

ζ , (A.11)

where �t+1 = θ [( ζt+1
1−(1−θ)R·L) + (ξt+1 − θRξt

1−(1−θ)R·L)].

A.5. The smoothness of aggregate consumption growth

Using Eqs. (35), (36), and (37), the variance of aggregate consumption growth is simply

var
[
�C∗

t

] = θ2
{

1

1 − (R(1 − θ))2
ω2

a + λ2
[
ω2

ξ + (θR)2

1 − (R(1 − θ))2
ω2

ξ

]}

= θ2
[

1

1 − (R(1 − θ))2
+ λ2 1 + R2(2θ − 1)

1 − (R(1 − θ))2

1

(1/(1 − θ) − R2)θ

]
ω2

a

= θ2
{

1

1 − (R(1 − θ))2
+ λ2

[
1

(1 − R2(1 − θ))θ
− 1

1 − (R(1 − θ))2

]}
ω2

a,

which is just Eq. (38). Hence, when λ = 0, var[�C∗
t ] = θ2

1−(R(1−θ))2 ω2
a . When λ = 1, var[�C∗

t ] = θ

1−R2(1−θ)
ω2

a . Since
1

(1−R2(1−θ))θ
− 1

1−(R(1−θ))2 > 0 when R2(1 − θ) < 1, the excess smoothness ratio μ decreases with the value of λ,
holding constant all other parameters.
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